ON TAP TOAN CAO CAP 2

(Nhém: Toan cao cap 2. T.Long, danh cho sv NEU)



NOI DUNG 1: HAM SO VA G161 HAN

Dang 1: Giéi han

e Dinh nghia: Ham s6 y = f(x) cd gidi han 1a b khi x = a néu moi day sé (x,,) c
MXDP ma x,, — a thi ddy sé f(x,,) = b. Ky hiéu: lim f(x) = b.
xX—a
. L2 Xp > a
o Dbé chirad lim f(x), ta chon 2 day so (x,),(x;) € MXD ma {x’

X—Xg n—a
nhung lim f (x,,) # lim f(x,,) .
0 Ilim f(x) & lim f(x) = lim f(x).
X—Xg x-xg xX-Xg
sinx . sinu(x) _ . . tanu(x)

e lim =1= Ilim =1;
x-0 X u(x)-0 ux) u(x)-0 u(x)

)

1 1
i X = i ulx) — p-
o }Cl_r)r(l)(l +x)x=e= ug}cgr_l)o(l + u(x)) e;

ux) _
i e 1 =1 im In(14+u(x)) =1
u(x)-0 ux) u(x)-0  ux)
1 v(u-1)
o U’ = [( 1+ (u-— 1))”-1] ;
e V0 cung bé:
o a(x) duoc goi 1a vd cung bé khi x = a néu lim a(x) = 0.
x—a
o Cho a(x), B(x) 122 vé cung bé khi x - a va lim 22 = k
x—a B(x)

= Néu k = 0, tandi a(x) la vd cing bé bac cao hon S(x) khi x — a, khi
hidu a(x) = o( B(x)).
= Néuk # 0, tandi a(x), B(x) 1a 2 vd cung bé cing bac.
= Dic biét, k = 1, ta noi a(x), f(x) la 2 vd cung bé tuong duong, ky
hiéu a(x)~ L (x).
e Quy tic lopital: Ap dung cho cé4c gidi han vo dinh dang

oo
;) —
oo

clo

i PO @ W)
x-a v(x)  x-a v’(x)

o Dang 0. oo khi tinh lim(u. v). Ta bién doi:

: = lim —— 0.
lim(u.v) = lim v (dang ;)

o Dang oo — oo khi tinh lim(u — v). Ta bién doi:
1 1
lim(u — v) = lim** (dang %)

o Dang 1%, 009, 0° khi tinh lim(u?). Ta dit y = u?:
lim(Iny) = lim(v.Inu) = k = limy = e*,

Bai tap 4p dung:

1) Bai tap trong giao trinh: ???




2) lim (sinvé6x + 5 — sinvéx + 1)

X—+00
3) lirr%)(l + x tan x)(c0t20) *
X =

In(sin2017x
4) lim —ER 20170
x —»0 In(sin2018x)

6
5) lim (x + 3%)x

X — +00
6) lim (tanx)?* *+*
x -0t

ecos(sin 5x)+1_1

7) ;}151;1) x2+ x3
2
8) lim (5 + x)=
X — +00
9) lim ik

x -0 9x+ 5sin2 x+2cosx—2

10) lim 200D
x -0 e —e
1

11) limo(x2 + cos4x)sinZx
X -
1
12) lim (2015% +2017)x
X = [0 0]

5
13) )}ilno (xcotx)x

14) lim (tan x)®%n 2~

X — Z
. 3 .
15) lim (=x — sin 3x)°t3*
T
X - —=
3
. In(1+arcsin x+2 arcsin? x
16) lim X )
x -0 tanx

Dang 2: Ham lién tuc

Ham s6 y = £(x) lién tuc tai x, € TXD khi vao chi khi

Iim 760 = 7o)

0 Ham s lién tuc tai xo Khi va chi khi lim, £() = lim_ £(x) = f(xo).
0

X=Xg

0 Néu ham sé y = f(x) lién tuc trén [a; b] thi ham s6 nhan moi gia tri trung

gian gitta f (a) va f(b).
Bai tap 4p dung:

1) Bai tap trong giéo trinh

2) Tim diéu kién cua k dé ham sb sau lién tuc tai moi gia tri thuc cua x:

f(x)—{ kx? —=5x+4, x>1

~ larccot(3—4x)+3, x<1

3) Cho f(x):{(1+2x)mkhix £0
e*khix =0

Xét tinh lién tuc cua ham sé f(x) khix =0




NOI DUNG 2: PAO HAM VA VI PHAN CUA HAM SO 1 BIEN

Dang 1: Tinh dao ham

e Dinh nghia: Him s6 y = f(x) c6 dao ham tai diém x, € TXD néu ton tai gidi han

: f(x)—f(xo)_ /
ggrgo —xg f (x0)
e (COng thuc
1. (c)' =0 7. (tgx)’ I
COS*X
' , ' 1
2' Y) = Ot—l’ :l 8 t = —
(x*) =ax?, () (cotgx) o
' ' . 4 1
3.(a") =a*lna, (e*) =¢” 9. (arcsinx) =
(@) =ana, (¢ arosnx) =L
4. (log x)': , , (Inx)'z1 10. (arccosx)':— !
e xIna X 1—x?
5. (sin x)’ =COS X 11. (arctgx)' _ 1
1+x°
6. (cosx)' =—sinx 12. (arccotgx)' =T
e Quy tic:
1. (u iV)' =u vV 3. (uv)’ =u'v+uv
2. (ku) =ku’ k 1a hang sb bét ks Cuv—u
(ku) 9 y 4 [%j:uvvzuv (v#0)

5. Pao ham cua ham hop: y, = y,u;.
e Dao ham va vi phan cip cao:
o Viphancap 1: dy = y'dx
o Dao ham cip cao y™ = (y»-DY’,
o Viphan cap cao: d™y = y™ (dx)™.

Bai tap ap dung:

1) Bai tap trong giao trinh: ???
2) Tinh dao ham cua ham sé: f(x) = |x — 2] + 2x|x — 3.
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Dang 2: Tinh dao ham cia ham ngugc

e Hamso6 s6y = f(x) c6 ham nguoc khi va chi khi vdi mdi y, € MGT phuong trinh
yo = f(x) c6 nghiém duy nhat.

e Néuy = f(x) 1a ham don diéu thi c6 ham nguoc.

e Pao ham ciia ham ngwoc: Gia st y = f(x) c6 ham nguoc. Khi d6, x = f~1(y). Lay
dao ham 2 vé theo bién x ta duoc

1= YOy
S Y6 = =
YT
_1 ! _ 1
= (f ) (yO) - f,(xo)

(Vo1 x 1a nghiém cua phuong trinh y, = f(x)).
Vi du: Cho ham s y = f(x) = 2x — =——= . Chang minh rang ham sé f(x) c¢6 ham nguoc

vatinh (f~1)'(5).

Giai.

Tacdy’' = 2 + sin(mwx) > 0 = ham s6 dong bién trén R. Vay phuong trinh y, = f(x) c6
nghiém duy nhat vdi moi y, € MGT hay ham sd y = f(x) c6 ham nguoc. Do do, ta co
x=f71).

Pao ham 2 vé theo bién x, ta duoc:

—1\/ _lz
'y = vy f(x)

1
= (') = m-

2 o nghiém duy nhat x = 0.

Vay tai y, = _?1 thi phuong trinh _?1 =2x —

Taco (f1) (_—1) . L =2

) fr(0) " 2+sinm0 2

Bai tap ap dung:

1) Cho hamsé f(x) = 3x — x—13 + 1. Chang minh rang ham sb d6 c6 ham nguoc £~ va tinh
fh"

2) Chiing minh rang ham s6 ludn ¢6 ham nguoc: f(x) = x3 + 3x + 2 vatinh (f~1)'(2).

3) Chtring minh ham s6 f(x) = 2x + cosx c6 ham ngugc ham nguoc. Tinh £~ ().

4) Cho ham s f(x) = x — m + cos x. Chirng minh rang ham s6 f(x) ¢6 ham ngugc va tinh

F'(=D.




Dang 3: Khai trién Taylor

f™(x,)
n!

f'(x,)
1!

fu(xu)
21!

fO)=1(x,) + (x—x,)+ (=2, ¥ +---+ (x—x,)" +r(x)

Phan du dang Peano:

r(x)=0[(x-x,)']

Phan du dang Lagrange:

Gia sur f(x) c6 dao ham dén cap n + 1 trong moét 1an can V nao
dd cla diém x,. Khi d6:

f™(c)
(n+1)!

vGi c la mot s6 nam gilia x, va x.

r(x) =

(x—x, )

e Khi trién Maclaurin 13 khai trién Taylor tai x, = 0.

Bai tap ap dung:
1) Bai tap trong giéo trinh: 32-35 (trang 349).

2) Khai trién Maclaurin ham sé sau dén liy thira bac 3 véi phan du Peano:

x—2

fo) = x? —4x+3

3) Khai trién Taylor dén liiy thira bac 3 cia (x — 1) v6i phan du Peano f(x) = 3/(x + 7)2.
4) Khai trién Maclarin ham s6 sau dén lity thira bac 2 cua x voi phan du Peano:

f(x) =In(x +V8x + 1).
5) Khai trién Maclarin ham sé sau dén liiy thira bac 3 cua x véi phan du Peano:
f(x) = cos(sin 5x).
6) Khai trién Maclarin ham sé sau dén liiy thira bac 3 cua X véi phan du Peano:

y=Bx—1)InV5x + 1.
7) Khai trién Maclarin ham sé sau dén Iy thira bac 4 cua x véi phan du Peano:

3
X+E

f(x)=In (x + ;)
8) Khai trién Maclarin ham sé sau dén liiy thira bac 3 cua x véi phan du Peano:
y = f(x) = 5xe* + x? + 4.
9) Khai trién Maclarin ham sb sau dén liiy thira bac 3 cua x véi phan du Peano:
y = e ?*V2x — 1.
10)  Khai trién Maclarin ham s6 sau dén liiy thira bac 4 cua x vé6i phan du Peano:
f(x) =In(x? —8x + 12).
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11)  Khai trién Maclarin ham s sau dén liiy thira bac 3 cua x véi phan du Peano:
f(x) = 2x? —In(1 — 3x).
12)  Khai trién Maclarin ham sé sau dén liiy thira bac 3 cua X véi phan du Peano:

x+5
—x24+1

13)  Khai trién Maclaurin ham sé f(x) = x%(e* + 1).

fx) =

Giai. Khai trién Maclarin ham sb

x? x™ .
1+x+7+---+m+o(x )
2 xM
= e* +1—2+x+5+ +—+o(x”)
2 xn
= x%2(e*+1) = x? 2+x+?+ +—+o(x")
x4 n+2
= 2x% + x3 +?+ -+ +x20(x")
Nhan xét: lim = n(fz ) = lim&n) = 0. Do d6 x?0(x™) = o(x™*?).
x-0 X x—->0 X
Taco
4 n+2
X X
x%(e*+ 1) = 2x* + x3 tor et —+o(x"*?)
4 xn
=2x? +x° + o+t —— + o(x™).

2! (n—2)!



Dang 4: Tim khodn tang, gidm va cuc tri cia ham so

Tim khoang tang, giam va cuc tri cua ham s6 y = f(x)
= Tim MXD: D;
= Tinh dao ham f'(x) va tim cac diém tdi han x,e D,

= Lap bang xét dau va két luan:

X | -oo X +oo X | -o Xg +eo
f(x) + | — F(x) - | +
f(x) / Ccb \ f(x) \ /
CT
X - oo Xq +oo X - oo Xo +eo
F(x) + I + F(x) - I -
f(x) / / f(x) \ \

Bai tap a4p dung:

1) Bai tap trong giao trinh: 39-46 (trang 364,365)
2) Tim khoang ting, giam va cuc tri caa ham sé: f(x) = 2x% — In(1 — 3x).
3) Tim khoang tang, giam va cuc tri caa ham sb: y = xv'3 — 2x2,
4) Tim khoang ting, giam va cuc tri ciia ham s6: y = (x? — 3x + 2)e' ™%,
5) Tim khoang tang, giam va cuc tri caa ham sé:

xZ

- ( tan n)+@ )arctan + 1 ﬂ+&.+nx
y— 2 arc an2 4 X )arc anz n 4 4 X.

Dang 5: Ung dung dao ham trong kinh té

Cho y = f(x) 1a mot ham kinh té:

e Gia tri cin bién: f'(x) 1a ham y - Can bién.
" f'(x,) gia tri y - Can bién tai x = x,.
= Y nghia: Tai mic str dung yéu t6 dau vao 1a x, néu ta sir dung thém 1 don vi x

thi dau ra y s& tang xap xi ' (x,).

= Loi ich c4n bién giam dan: f"'(x) < 0.

e H#é sd co din: Hé s co dian cua y theo x 1a su thay ddi cta y tinh theo % khi x ting

1%.

X
f(x)

e Bai toan téi wu: Tim x dé y = f(x) dit max(min).
Bai tap ap dung:

e=f'(x)




1) Bai tap trong gido trinh:47-60 (trang 375,376).
2) Mot doanh nghiép xac dinh dugc lwong san pham doanh nghiép ban duoc 1a: D(p) =
8000. e ~%94P(don vi san pham) khi gia cia mdi don vi san pham [a p déng.
a) Tim gi4 p ma tai d6 hé sé co dan cua cau bang —1.
b) Chirc t6 rang tai mic gia tim duoc y trén thi doanh nghiép cé doanh thu téi da.
3) M6t nha san xuat doc quyén ban san pham trén thi truong véi ham cau nguoc: p =
3120 — 240.
a) Tinh hé sb co dan cua cau theo gia tai muc gid p = 240 va néu y nghia kinh té cua két
qua nhan dugc.
b) Xac dinh mutc san luong cho loi nhuan tbi da biét ham chi phi can bién MC = 502 +
20 + 120 va chi phi ¢6 dinh 12 80.



NOQI DUNG 3: PAO HAM HAM NHIEU BIEN

Dang 1: Pao ham riéng

e Tinh dao ham bang dinh nghia:
Ham s6 w = f(x;,X,,...,X,) Xac dinh trén mién D = R".
= Dao ham riéng cua f theo bién x; tai di€m (x4,X,,...,X.)eD:

FOC e X+ AX e ) = F(X aeef X ey X))

Ax; =0 Axi

Ham s6 w = f(x,y) xac dinh trén mién D c R2.

= Pao ham riéng cua f theo bién xtai diém (x;y)eD:
f(x +Ax;y) —f(x;y)
AX

fl.(x;y) = lim

= Pao ham riéng cda f theo bién ytai diém (x;y)eD :

f(x;y + Ay) - f(x;y)
Ay

f',(x;y) = lim

= Pao ham riéng cip 2 ctia ham sd tai diém (xo, V,):
’" o K (xe,y0 +AY) — fi (%0, 0) _
xy (X0, ¥Y0) = Aljllf_{lo Ay ;

fy (xo + Ax, y0) — £, (X0, Vo)
Ax '

e Quy tic: Pao ham theo bién n&o bién con lai coi nhw hing sd|

o (x = lim
yx( OJYO) Ax—0

e Dao ham ctia ham hop: (W, = W, . (uy)y + W,,. (up)5 + - Wy . (Um)x

e Biéu thuc vi phan toan phan:
= Vi phan toan phén cap 1:
dw = wy dx; + -+ wy dx,
= Vi phan toan phén cap 2:
n n
d*w = Z Wy, dx; dx;
i=1 j=1
Bai tap a4p dung:
1) Bai tap trong giao trinh: ???
2) Viét biéu thirc vi phan toan phan:
w(x,y,z) = In(x? + z?) .tan(x — y)
3) Viét biéu thuc vi phan toan phan caia ham sb sau:
w = f(x,y,z) = (2x? —y + 2z2)*2,
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4) Viét biéu thuc vi phan toan phan caa ham sé: w = f(x,y,z) = arctan?(x + y + 2z).
5) Cho £(t) la ham kha vi trén R véi f'(=9) = 3. Tinh dw(2,3) véi céc sb gia riéng Ax =
0,1;Ay = 0,2vaw = f(3x? — 2xy — y?).

Giai. Ta co dw(2,3) = wi(2,3). Ax + w}(2,3). Ay. Véi t = 3x% — 2xy — y?, taco
wy = fety = f'(). (6x = 2y);
wy, = fity = f'(1). (—2x — 2y).
Taix =2,y =3 thi t = —9. Do do, tir f'(—9) = 3 taco
wi(2,3) = f'(=9).(6.2 — 2.3) = 18;
w(2,3) = £'(=9).(=2.2 — 2.3) = —30.
Vay, dw(2,3) = w4(2,3). Ax + w},(2,3). Ay = 18.0,1 —30.0,2 = —4,2.

6) Tinh dao ham riéng cua cac ham sé sau:
w = 2* In(x — sinz)
7) Cho mot ham s £ (x, y) cb cac dao ham riéng thoa man:
i (x,y) <0 fy(x,y) >0, Vx,yeR.
Va ham hop g(x,v) = f(x, —y — 4x3). Hay chiang minh:
gx(x,y) <0vag;(x,y) <0, Vx,yeR.

Gial. Theo cong thirc dao ham riéng cua ham hop ta co:

920 Y) = £ QO+ fy gy (=Y = 403y = fL + £y (—1227).
Nhan xét: f;/ < 0; f('_y_4x3) > 0; —12x% < 0 nén g, (x,y) < 0.
Tuong tu g, (x,y) <0, Vx,yeR.

8) Tinh dao ham riéng theo x ciia ham sé sau:

2x3 +xy +y3
fy) = @ —ay+3y2’ ¥ TV #0
0 , x=y=0
9) Cho ham sé:
2xy(x? — 7y?
fny) = y£z+yzy)' YO
0 , x=y=0

Tinh £2,(0,0) va £;%(0,0).

10) Cho ham sé f(u, v) ¢6 £(1,0) = £!(1,0) = 2; £/(1,0) = —1 va ham s
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_ X x-—y )
w = x.\/;.f(y.smzx Ty
Tinh w.(2,2).
11) Chohamsé w = f(x,y) c6 cac dao ham riéng cap 1. Chting minh rang ham s

2 —
u= f(y—tanx y)

x2 X
ou
= 0.

) ~ A . Ju
Théa man dieu kien x —+y— =
O0x dy

Dang 2: Ung dung dao ham riéng trong kinh té

¢ Gia tri can bién:
Mo hinh kinh té:
w = (X, X500 X,)

= Gia tri w-c&n bién cla x; biéu dién x&p xi lugng thay dai gia tri
cua bién phu thudc w khi x; tang thém mot don vi trong khi cac
bién con lai khdong thay ddi gia tri.

« Ky hiéu:

foi =X, e X, + 1,0, X ) (X, e Xy X))
= Lién hé vadi dao ham:

Mf, =f' (X e Xr0nX,)

e H¢ 50 co dan:
= Hé sd co dan cla w theo x. tai diém (x;,X,,...,x.) 1a s8 do lugng
thay ddi tinh bdng % cua w khi x;, tdng 1% va cac bién ddc lap
khac khdng thay doi.
= Ky hiéu: €.

]
= Cong thirc tinh hé s6 co dan cua w theo x,

—_ 1 Xi
E, =Ff Xi(xi'le-”’x").f(xlrxz""'x“)

e Hi¢u qua cia quy mo:
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Ham san xuat: Q=f(K L)

Néu f(tK,tL) > t.f(K,L) thi ham san xudt biéu thi Aiéu qua tang
theo quy mé.

Néu f(tK,tL) < t.f(K,L) thi ham san xudt biéu thi hiéu qua gidm
theo quy mé.

Néu f(tK,tL) = t.f(K,L) thi ham sdn xudt bi€u thi Aiéu qud khdng
dor theo quy moé.

Dang Cobb — Douglas: Q = a.K%L#f
= o+ B > 1: Hiéu qua tang theo quy mo
= o+ B < 1: Hiéu qua giam theo quy mo

= o + B = 1: Hiéu qua khdng dai theo quy md
Bai tap a4p dung:

1) Bai tap trong giéo trinh: ???
2) Mot doanh nghiép c6 ham san xuit Q = 24. VK 2+L. hdy tinh san phim hién vat can
bién cda tu ban va lao dong tai mirc k = 8; L = 16 va giai thich y nghia.

Dang 3: Dao ham cia ham an

e Ham an 1 bién
1. Khai niém ham an mét bién
= Ham sd y = y(x) cho gian tiép dudi dang phucng trinh:
F(x,y) =0,x €D (*)
trong dé F(x, y) 1a ham s6 hai bién, dugc goi Ia ham an.
2. Tinh dao ham cua ham an mét bién
= Lay dao ham hai vé phuong trinh (*) theo bién x, ta co:
Fee1+F,.¥y(x)=0
= Pao ham cdp 1 cGia ham an dudc tinh theo céng thirc:
F',
F',
= Dao ham c&p cao clia ham an dudc tinh theo cac quy tic
tinh dao ham thona thudna

y'(x) = -

e Ham an nhiéu bién:
1. Khai niem ham an n bién
= Ham s6 z = z(xy,%,,..-,X,) cho gian ti€p dudi dang phuadng trinh:
F(Xy/Xgeeer Xy, 2) = 0 (%)
trong dé F(xy,X,,...,X,, z) 1a ham sG n + 1 bi€n, dugc goi la ham

an n bién
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2. Tinh dao ham riéng ciia ham an n bién
= Dao ham riéng cap 1 cia ham an dudgc tinh theo cdng thirc:

z' =
X Fl

= Dao ham riéng cip cao clia ham an dudc tinh theo cac quy tic
tinh dao ham riéng thong thudng.

Bai tap 4p dung:

1) Bai tap trong giéo trinh:
2) Xétham an y = f(x) ton tai trong 1an can dién x = 1,y = 2 cho boi phuong trinh
y3 + 2x% — 2y? — 3xy + 5x = 1.
Hay tinh f'(1).

3) Cho ham an y = y(x) xéc dinh tir phwong trinh:
2

X N xt 3
22 T
Chutng t6 ham s6 vy = y(x) nay la nghiém cta phuong trinh vi phan:

2x.y" — Bxy? +1).y +3;, = 0.

4) Cho ham an y = y(x) dudi dang ham an:

/xz + yz — 65 arctan%
Hay tinh dao ham c4p 2 cua ham sb.
5) Cho ham an z = z(x, y) xé4c dinh bai phwong trinh:
x2+2y*+3z2+xy—2z—9=0 (z>0).
Tinh dao ham riéng cap hai z;),, tai diém x = 1,y = —2.
6) Cho ham an z = z(x, y) xac dinh bai phuong trinh:
2x2+y?+z2—4x+4y— 62+ 6 = 0.
Tim cac dao ham riéng cap 1 cap 2 caa ham z = z(x, y).
7) Gia st x = x(v,2), y = y(x,2),z = z(x,y) la nhitng ham an xac dinh bdi phuong
trinh: x2 + y? + 3z% — 5xyz = 0. Tinh biéu thuc:
dx dy 0z
@.&.a.
8) Chohamsé w = F(x,y) = 2 + yy — 4x + 2x2% + y5.
a) Tim vi phan toan phan cap 2 caa ham sé w.
b) Goi y = y(x) 1a ham sb xéac dinh boi phuong trinh F(x,y) = 0. Tinh gigi han:

)™
L= e - s
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NOI DUNG 4: CUC TRI HAM NHIEU BIEN

Dang 1: Cuec tri tu do

e Quy tic thuc hanh:
1) Tim diém dirng
Giai hé: {f',{i =0,i=1,n — diém dirng A(a,,a,,...,a,)
2) Diéu kién du
= Tinh cac dao ham riéng cdp hai cua f.

= Tai diém dirng A(a,,a,,...,a,) ta 1dp ma tran:

a; a,; - Ay
a a ---oa .
_ 21 22 2n _
H= , a; =1, (A)
anl an2 T amn

= Tinh cac dinh thdc con D,,D,,...,D, cua H.
3) Két luan
« Néu D,>0, D,>0,..., D, >0 thi f dat cuc tiéu tai A
= Néu D, <0, D,>0,..., (-1)"D,>0 thi f dat cuc dai tai A

e Giatri lén nhat, gia tri nhé nhat:
Pinh ly:
Gia sUr f chi ¢6 mét di€m dirng duy nhit A(a,,a,,...,a.) trong

mién D va diéu kién du dudc thoa man tai moi diém thudc
mién D. Khi do:

= NEéu f dat cuc dai tai A thi f(A) |a gia tri I8n nhat cia ham so
trong mién D.

= Néu f dat cuc ti€u tai A thi f(A) 1a gia tri nhé nhat cGa ham sé
trong mién D.

Bai tap 4p dung:

1) Bai tap trong giéo trinh:
2) Tim cyc tri caa ham so:
w=—-3x2—y%—14z% + 12xz — 18z + 2y — 1.
3) Mot cong ty doc quyén san xuat mot loai san pham va béan san pham d6 trén 2 thi truong
khac nhau (dwgc phan biét gid). Cho biét ham chi phi can bién:
MC =10,5+ 0,10 (Q = Q; + Q,)
va cau cua thi truong ddi véi san pham cia cong ty:
Thi truong 1: p; = 72 — 0,3Q;; Thi truong 2: p, = 54 — 0,150Q,.

Xac dinh san luong va gié ban trén mdi thi trudng dé cong ty thu duoc loi nhuan téi da.

4) Tim cyc tri ctia ham sé:
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U=4—4x+2y+ 24z —2xy + x* + 2y? + 3z
5) Tim cuc tri caa ham sé:
w=f(x,y,z) = —11x? — 51y% — 522 + 48xy + 4yz — 8x + 8y — 2z.
6) Tim cuc tri caa ham sé:
u=4x%+2y>+3z2-2xy+yz—4x+2y—z+ 2.
7) Tim cyc tri caa ham sé:
w = —2x% —2y% —3z% —4xz + 6y — 62.
8) Tim cuc tri caa ham sé:
u=6x%+4y%+ 322 —-2xz+2x -5y +z— 2.
9) Tim cuc tri cua ham sé:
u = —4x? —3y% —5z% + 10xy — 14x + 26z + 11.
10) Tim cuc tri cia ham sé:
w = —9x? —4y? — z2 + 18x — 4xy + 4z + 2.

11) Mt cong ty doc quyén san xuat mot loai san pham va ban san pham d trén hai thi truong
khéc nhau (dugc phan biét gid). Cho bién chi phi can bién:
MC =3,5+0,050 (Q =0, +0,)
va cau cua thi truong d6i voi san pham caa cong ty:
Thi truong 1: p; = 24 — 0,15Q,; Thi truon 2: p, = 18 — 0,075Q,,.
Xac dinh san luong va gia ban trén mdi thi trudng dé cong ty thu duoc lgi nhuan téi da.
12) Mt doanh nghiép doc quyén san xuat mot loai san pham tai hai nha may khéac nhau. Cho
biét ham chi phi can bién lan luot Ia;
MC, = 10 + 0,250,; MC, = 2 = —0,2Q,
va ham cau di véi san pham 1a: p = 290 — 0,25Q; (Q = Q, + Q,). Hiy xé4c dinh mirc
tong san luong va gia ban dé doanh nghiép ti da hoa loi nhuan.
13) Timcuctrihamsé:u =3Inx +5Iny+2Inz+In(22 —x —y — 2).
14)  Tim cuc tri ham s&: w = x2 + 2y? + z2 — 2x — 4y — 2z + 10.

Céiu 1: (2,5 diém) LEN KE HOACH TRUOC CUQC PUA
Ban t6 chire cong bé trude so do cua duong dua vai
diém xudt phat 1a A va dich dén 1a dia diém D (Xem
hinh & bén). Trong dé. giai doan diu cac van dong vién
phai chay bo tr A. vugt qua rimg to1 B bén bo song. sau
dé boi tir B vugt song sang diém C bén kia bo séng. roi
tir C di theo duong bo bang xe dap 151 D.

Biét rano khoang céch tir A 11 bo sdng 14 3 km. song rong 0 & km voi 2 bo la 2 dudng thano
song song. Biét rang vn toc chav b ciia mot van dong vién trong rumg la 10kmh. van toc
pxetrén duomg la 33 kmh

boi trén song 12 8km h. van 1éc da
a) Thiét lap thaigian T=Tix. ¢ vin dong vién di tr A 1di D theo x. y. vdi x. v [ cdc gia
tr] dugc _m \ r"‘;: trong r. \h rén:
b) Tim x. v (vitri diém B. C) &2 thoi gian hoan thanh cudc dua la it nhat.
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Cau 6 (1,25diém). Mét doanh nghiép ddc quyén san xuht mét loai san pham tai hai co s& khac nhau véi
ham chi phi cén bién nhu sau( @, ,MC, twong img la lwgng sdn phim san xuét va chi phi cdn bién tai co
801, i=1,2):

M('l =2 +U~]QI:M("] =%+O.DBQ3

Doanh nghigp do ban san phém trén thj trudmg voi ham cau p =45-0,050.(Q = Q, + Q,). Tim tong
san lugng d¢ doanh nghiép ti da hoa Igi nhudn,

Dang 2: Cuec cé diéu kién

e Quy tic thuc hanh:
1. Bai toan
Tim cuc tri ciia ham sé: w = f(x,y) vdi diéu kién g(x,y)=b.
2. Phudng phap nhan tir Lagrange
= Lap ham Lagrange: L = f(x,y) + A[b — g(x,y)].
= Tim diém strng clia ham Lagrange:
Giai hé: {L" -0

L =0 = Mx,,ya, ) Piém ding cua ham Lagrange

L, =0
= Diéu kién dua: Tai di€m dirng 1p ma tran

0 g, (= g]_:g;.c(xurytj) g’zzg;r(XGIYG)
H=1g L, Lg| L, = L“xx (Mo) L, = L"xy (Mo)
g> Lz]_ L22 L21 - L-y'x (MCI) I_22 — L"YY (MU)

= Néu det(H) > 0 thi w = f(x,y) voi diéu kién g(x,y) = b dat cuc dai tai
(%0, Yo)- q
= Neéudet(H) > 0thiw = f(x,y) voi dicu kién g(x,y) = b dat cuc tiéu tai
(X0, Yo)-
e Y nghia nhan tir Lagrange:
= Goi W, (b) la gia tri toi uu cua bai toan tai b. Khi do,
WéT(b) = o
Do vay, nhan tir Lagrange 4, la gia tri W y-can bién ctua b, nghia 1a khi b taing
1 don vi thi gia tri tdi wu W,y thay d6i mot luong xap xi bang 2.
= Néu b ting 1% thi gia trj téi wu W, ting € %, Vi & xac dinh boi:

e b b
T TWer " Wer

Bai tap 4p dung:

1) Bai tap trong giéo trinh:
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Cau 7 (1,25diém). Sir dung phuong phép nhn 1 Lagrange tim cyre tri cia ham sé w = x™*y** {haa man

diéu kién 4x +9y = 2600:(x, y > 0)

Céu 2: (2.5 diémy TIM NUT BAM TRONG PHONG

Khi van déng vién 1&i duoc dia diem dich D thi ho phai vdao m{t ¢&n phong bi bao boi birc trong
¢6 hinh dang duéng tron véi phwrong trinh X = = 30. biet rdng nhiét d trong phong ¢o dang
T(x.¥)=x" =17 =3\ = 13x =133 = 60, Dé két thae cude dua thi vin dong vién phai bam vao
mot cai nut de xac nhan .DA VE DICH™. ¢ai nut na tuy khong thé nhin thav bang mat thuong
nhung lai biét nd & chan wrémg va ¢ noi co nhiet do thap nhat. Ban hdy xac dinh toa d¢ cua nut
an dé giup van djng vién ket thae cude dua.

1 1

Cau 7, (1.25diém) Mot ngui tidu ding c6 ham lgi ich U = 20x2x2. Trong diéu Kién gid bn

mot don vi hang hoa thir nhét 1a 258, gid ban mét don vi hang hoa thir hai 12 4S. hay xéc dinh
co cau mua sam dé ngudi tiéu dung thu duoc lgi ich U = 800 véi chi phi toi thiéu. Néu lgi ich

tiéu ding tang thém 1% thi chi phi t6i thiéu thay d6i nhu thé nao? Tai sao?

Cau 7(1,25diém). Mot doanh nghiép doc quyén san xudt mot loai san pham cé ham chi phi
TC =90+ 20Q, trong d6 Q la s don vi san phflm duoce san xudt. Doanh nghiép ban san phdm
0 hai thi trvong khic nhau, biét ring him cdu cia thj truong thir nhét 12: @, = 10 — 0,1p,, va
ham céu cta thi truomg thir hai 13 Q, = 10 = 0,2p,. (Q = Q, + @,). Hay hra chon mire san
lrgng trén mbi thi tririmg dé doanh nghi¢p tdi da hoa lgi nhudn khi doanh nghiép khéng phén
biét gia ban san phém trén hai thi trudmg do( py, = py).

Ciu 6. (1,25 diém) Str dung phuong php nhan tr Lagrange tim cure tri ciia ham sé
u=2x%+y*+xy
v&i diéu kién x + y = 8.

Cu 5. (2,5 diém) Gi sir mot doanh nghiép c6 ham sén xuét 1a Q = 900.K¥/2, L2/3 trong d6 K 12
s6 don vi tur ban va L 1a s6 don vi lao dong ma doanh nghiép sir dung.

a) Khi doanh nghiép dang str dung 625 don vi tu ban va 1000 don vj lao ddng, hdy ude lugng sé
san phdm thay dbi khi doanh nghiép sir dung tang 1 don vj tu ban va giam 2 don vj lao ddng.

b) Biét riing gia thué mot don vj tur ban 1a $7. gia thué mt don vi lao dong 1a $4 va sb tién doanh
nghi¢p danh cho san xufit 1a $1470. Hay tim mirc sir dung tu ban va murc str dung lao dong cho téi
da san lugng cua doanh nghiép.
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Chu 3 (3,75diém). Mot doanh nghiép phin phdi | san pham doc quyén trén 2 thi trudmg voi
hai ham cdu 1a: Q, = 1260 — 10P,, @, = 750 — 5P,.

Biét ham chi phi két hop: TC =0,1Q% + 2@ + 100, Q@ = Q, + Q..

a) Hay x4c djnh cac mirc cau 51, azvé cdc mirc gid Py, P, dé doanh nghiép thu dugc lgi
nhuén lén nhét trong trudng hop phan biét gid ¢ hai thi trudng.

b) Hay kiém tra hai hé sb co dan ciia hai ham cdu tai P,, P, & Cu 3a) c6 thoa man dang
; ; P
thire sau khéng: 7 ( ) )

¢) Sir dyng phuong phép nhan ti Lagrange. tim cic mirc ciu dé doanh nghiép thu dugc
lgi nhudn tdi da trong trudng hop khong phén biét gia & hai thi trudmg. tic P, = P,.

Ciu Zs (015,25 diém) Cho ham loi ich cia h¢ gia dinh khi tiéu dung hai loai hing hod
U=x"y  trong do x la luc,m:g hang héa thir nhat, y 1a hrong hang hoa tha hai Irong didu
Ki¢n gia cua hang hoa thr nhat la 2§, gid hang hoa thir hai 13 3§ va thu nhip danh cho tiéu
dung la 648. Hay xac dinh co cdu tiéu ding 161 da hoa loi ich

Ciu 4: (2,5 dié’"m) Nguoi tiéu dung luva chon méot tii hang g{‘)m 2 loai san pham v&i ham loi
ich tiéu ding: U =60x""y™, trong d6 x 12 lugng hang hoa A, y 1a lrong hang hoa B.

a) Hay xéc dinh lwong céu d6i véi méi mat hang néu nguoi tigu dung t4i da héa loi ich, biét
réng gid cua hang hoa A 1a $7, gid hang hoa B 1a $9 va thu nhip danh cho tidu dung la $210.
b) Néu thu nhdp danh cho tiéu diing ting thém $1 thi loi ich tiéu dang ti da thay d6i nhu thé

nao?

Ciu 6: (2.5 diém) Cho ham loi ich ciia mot ngudi ticu ding 13 U = 15x*4"7, trong d6 x, y Ia
heomg hang bos trong co chu mua sém gdm hai hing hoa ciia ngudi tidu dimg. Gia sir gid cia
cic mit hang romg img 13 p, = 15, p, = 10 va thu nhip danh cho tiéu ding la M = 20000.
a) 1y xic dinh luong chu cia ngudi tiéu dung adi v mdi loai hang héa bidt ring
ngsin 86 mubn tHi da béa loi ich tiéu ding.
b :?M?d!‘pdh*dootiéudﬁngung 1% thi leri ich tiéu dung 1i da thay di nhu
nan

Chu 7z (1,25diém) Mot doanh nghi¢p ¢6 ham san suit O =4K"L"°. Gia st gid thué

mét don vi tr bin 1 $2, gid thué mt don vj lao ddng 13 $3 vi doanh nghiép tién hanh
sdn xufit véi ngin sdch co dinh 13 $960. Xic dinh hreng tir ban va lao dong duge sir
dung dé doanh nghiép thu duge san hrgng t6i da. Néu ngén ssich dianh cho sin sudt ting
thém 1% thi san leong t6i da thay ddi nhu thé nao? tai sao ?
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—CM-’.(L” ‘7'_'5"{) Mot doanh nghi¢p canh tranh ¢6 ham san xufit Q = 10 K°®192, Biét a1
ttgxe nélq;t dc(;n vl von va gid thué mdt don villzm dong 1an Leot 13 40 va 10 ($). Tim sé i
von va lao dong doanh nghi¢p cin sir dung d€ dat lgi nhudn 15i da khi san v 2 -
bang 3000 don vj sdn phim. ' ‘ ong khong doi va

Ciu 6. (1,25 diém) Cho biét ham lgi ich I3
U = x%*.y%7 (x: 1a luong hang héa tht 1, y: 1a lugng hing hoéa thr 2)
Hay x4c dinh tai hang (x, y) c6 chi phi nhé nhat, nhung van dam bao murc lgi ich U = 401, trong,

7 9
Cau 7: (1,25 diém) Cho ham Igi ich cia mgt ngudi tiéu ding co6 dang U = 4x10 10,
Gia mot don vi hang héa x la 2 USD, gia m(pt’ don vi héng hoa y 1a 3USD, ngan sach
danh cho tiéu dung 1a 960 USD. Xac dinh co cau mua sim dé ngudi tiéu dung thu dugce
lgi ich téi da.
Cau5: (1,25 diém) Gia st ham lgi ich khi mua sdm hang héa ctia n
U =6x"%x,""
Trong do X;, X2 lan Juot Ja lugng hang hoa thr 1 va thi 2. Xéc dinh co cau mua s’ém d{a
it 12 4 mdi don vi hang héa thia 1 va 2 tuong umg la

tdi da hoa loi ich, biét rang g ,vi hang ho
p =12, p,=18 va ngén sach danh cho mua sam co dinh 1a »m=300.

guoi tiéu dung

Ciu 6. (1,25 diém) Sit dung phuong phép nhan tir Lagrange tim cuc tri cia ham sé

w = x%€, 05 véi diéu kién 3x + 5y = 1210.
Ciau 4(1,25 diém). Mot doanh nghiép ¢6 him san xuit 1a 0= f(K,L)=K°*I°°. Tim mirc sit
dung K va L thich hop dé doanh nghiép dat san lugng t6i da. Biét ring gia thué 1 don vi K va
L lan luot 1a $5 va $6 va chi phi danh cho san xuft 1a $1100.
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NOI DUNG 5: TiCH PHAN

Dang 1: Ham cén trén

Gia s f(x) xac dinh va lién tuc trén khoang D, acD.
V&i xe D ta co f kha tich trén [a;x] (hoac [x;a]).

S~

a X

Pinh nghia:
Tich phan I(x) = J'f(t)dt dugc goi la Aam can trén.
Tinh chat:

I'(x)= Uf(t)dt]' = f(x), Yxe D

Nhu vay, ham can trén la mot nguyén ham cua f(x) trén D.

Chu y:
M3 rong khai niém ham can trén ta cé cac céng thirc sau:

u(x)

1) {jf(t)dt}‘:f(x); [If(t)dt}':f[u(x)].u'(x)

2) [j’f(t)dt}' = —f(x); [ ]‘. f(t)dt}' = —fv()l.v'(x)

vix)

u(x)
3) [ | f(t)dt}=f[U(X)]-U'(X)—f[v(x)].v'(x)

v(x)

Bai tap 4p dung:

1) Bai tap trong giéo trinh: Bai 13,14,15
2) Tim khoang ting, giam va cuc tri caa ham sé:

2x2%42x+42

y = J J1+t2dt
0

2012

A g - -a,: g . X “n o . a .y \ o A . ¢
Cin 3: (1,25 diém)Xic dinh khodng don di¢u ting, don di¢u grim va diém cyce tri cta ham so6:

y=fox_1:\/' 1 + 92 dt— V5. x
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a o X . ‘A . . X 4 ~ \ - 0 ' p
Ciiu 2(1,25dién). Khai trién Maclaurin ham sé sau dén lGy thira bédc ba ctia x véi phan du dang
Peano:

0
f(x) = Y1+t2de

-3x

Can 2: (2, 2580 Tim Khoing (ng gidm va eyre tej cua ham 0 saw

F(X) = L | \’«'}f’ - a_lt—).irwl

a o A . . . . A A ~ \ -~ v ' p
Ciin 2(1,25diém). Khai trién Maclaurin ham sé sau dén lGy thira bac ba ciia x véi phan du dang
Peano:

0
f(£) =I Y1+ t2de

Céu 2. (1.25diém) Tim khoang tang. giam va cuc trj ciia ham s0 sau:

8

Sy-4
F(x)= {[3/3 -2t +10dr

CAu 3 (1,25diém).Tim khoang tang. giam va diém cuc trj ctia ham sé:

[‘ j b \/l—+de

n

Dang 2: Tich phan suy rong

1. Tich phan suy rong vaéi can vo han

= Gia sur f(x) lién tuc trén [a;+). V3it > a, ta cd

Tf(x)dx = tILr!:“i'f(x)dx

dudc goi la tich phdn suy réng cua f(x) trén [a;+co).

= Tich phan suy rong dudc goi la AJ/ tu néu gidi han vé phai ton
tai hitu han, dugc goi la phdn ky néu gidi han vé phai la vo han
hoac khong ton tai.
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= 7ich phan suy réng cua f(x) trén (-e;a]:
jf(x)dx = lim jf(x)dx
—oo t

= Tich phan suy réng cua f(x) trén (-oo;+o0):

f(x)dx = jirpmjf(x)dx

u—y—co U

Tinh chat:
jf(x)dx = jf(x)dx+ jf(x)dx

2. Tich phan suy rong cta ham s6 khong bi chan

= Gia s f(x) lién tuc trén [a;b) va Iintlf(x) = oo . Khi do:
b t
_!f(x)dx = tliﬂrlll_!f(x)dx

dudgc goi |a tich phan suy rong cua f(x) trén doan [a;b]
= Gia s f(X) lién tuc trén (a;b] va lim f(x) = . Khi dé:

j'f(x)dx = tIirﬂj'f(x)dx

dudc goi la tich phan suy rong cua f(x) trén doan [a;b]

= Gia su f(x) lién tuc trén (a;b) va Iinb1 f(x) =o0; lim f(X) =

_Ii'f(x)dx = !LTI'f(x)dx

dugc goi la tich phan suy rong cua f(x) trén doan [a;b].
Tinh chat:

j'f(x)dx = j'f(x)dx + .Ii'f(x)dx

néu cac tich phan suy rong vé phai hoi tu.
Bai tap ap dung:

1) Bai tap trong giéo trinh: Bai 13,14,15
Cau 4 (1,25diém). Tinh tich phan suy .-éng.

47

- dx

' 2236x7 +25
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- =T d.
Ciu 5: (1,25 diémy Tinh tich phin suy rénz = | — ‘4 )
= N — =N

4
, dx
Cau 3. (1,25diém) Tinh tich phan sau: Iﬁ
i xX—Xx

Cu 4(1,25diém). Tinh tich phan suy rong: f0+°° 28V ¥y,

Céu 3. (1,25 diém) Tinh tich phan:

= 2x + x
e” e
f dx

e2x 41
0

Céhu 5 (1,25 diém) Tinh tich phin suy rong: _fo""" p—01x (8 4 fﬁ) i

Ciw 8: (1.25 @idm) 13y xét 1inh hoi w. phin ky cua tich phin sau:
fon I ln(..m-f x )iy

r-

Cau 4: (1,25 diém) Xé tinh hi ty, phiin ki cua tich phén sau:

f" dx
X2 = 06X+ 11

Chu 5(1,25 aiém. Tinh tich phn sau: [ = [ —— f:* TE
| Dt
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Ciu 4. (2.5 diém) Tinh cac tich phén:

8)f In(3x-1
—— b [ ax

b
wn arctan —

4
Chu 6: (1,25 diém) Tinh tich phén: / = | ——:T/—zdx

Ciu 4 (1,25diém). Tinh tich phan suy rong.

o x?

] = I (xz —S)C—de.

0

Dang 3: Ung dung ciia tich phan trong kinh té hoc.

e Thing du cua nha san xuat va ngudi tiéu dung: Gia st (py, Q) 1a diém can bang cua thi
truong. Khi do ta co do thi caa ham cau va ham cung cua thi truong d6i véi 1 loai san pham
nhu sau:

Pa pf
A

P=S'Q

PiF
Po

P :
s
. N .
0 QQ Q 0 Q, Q, Q
Thing du clia ngudi tiéu dung Thang du clia nha san xuét

o Thing du cta nguoi tieu dung: Tong sé huong loi cua tat ca nguoi tiéu ding bang
dién tich tam giac cong AEp,. Cac nha kinh té goi d6 1a thang dy cia nguoi tiéu
dung va duoc tinh theo céng thuc sau:

Q,

cs= [D7(Q)dQ-p,Q, .
0
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o Thing du cia nha san xuat: Tong s6 huang loi caa tat ca cac nha san xuat bang dién
tich cua tam gidc cong BEp,. Cac nha kinh té goi d6 1a thing du ctia nha san xuat va
duoc tinh theo cdng thac sau:

Q
PS= p,Q, - _‘lS_I(Q)dQ .

0

Bai tap 4p dung:

Ciud. (2,5 dié"m) Cho biét ham ciu va ham cung dbi vai mot loai sén phém:
0,=-0,2p+30, Q;=0,3p-20

Hay tinh thiing du cia nha san xuat va thdng du cia ngudi tiéu ding.
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NOI DUNG 5: PHUONG TRINH VI PHAN

Dang 1: Phwong trinh vi phin tuyén tinh cip 1

« PTVP c3p 1 tuyén tinh 1a PTVP cé dang tong quat nhu sau:
y + p(x).y = q(x) (1)
= Khi q(x) = 0 thi PTVP (1) co dang:
y +p(x).y =0 (2)
dudc goi la PTVP cdp 1 tuyén tinh thuan nhat lién két voi (1).

Luu y:

= PTVP cdp 1 tuyén tinh thuan nhat (2) c6 nghiém téng quat:

y = C.e’lp(x)dx (C |3 hang s6 bat ky)

= Nghiém cta PTVP cip 1 tuyén tinh tdng quat dudc suy ra tur
nghiém cda PTVP cap 1 tuyén tinh thuan nhat lién ket.

1. Phwong phap nham nghiém
Cac budc thuc hanh giai PTVP cap 1 tuyén tinh:
y +p(x).y =q) (1)

Budc 1: Giai PTVP thuan nhat lién két: y' + p(x).y = 0 ta dugc
nghiém téng quat:

y = C.efr()dx = C,y(x)
(C la hang s6 bat ky)
Budc 2: Tim mot nghiém riéng yo(x) cia PTVP (1).
K&t luan: Nghiém téng quat cia PTVP (1) ¢ dang:
Y = Yo(x) + C.y(x)
(C la hang s6 bat ky)

Vidu: y' +y =x+ 1(*)

Giai.
«  Nghiém tong quat cta pt thuan nhat lién két y’ +y = 0 la:
y=Ce J¥ =Ce*
* y = x 1a mdt nghién cua pt (*) vi.....
« Két luan: Vay nghiém tong quat cua pt (¥) 1a

y=x+Ce™
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2. Phuong phap bién thién hiang sé
y' + p(x).y =a(x) (1)

Budc 1: Giai PTVP thuan nhat lién két: v’ + p(x).y = 0 ta dugc
nghiém tong quat:

y = C.e'lp(x)dx = C.y (x) (C la hang s3 bat ky)
Budc 2: Tim nghiém tdng quat cia PTVP (1) dudi dang
y = C(x).yo(x)
Thé& vao (1) ta tim dugc bi€u thic C'(x) = q(x).y,1(X)

K&t luan: Nghiém téng quat ctia (1) cé dang:

y =| [a(x).y,' ()dx + C |y, (x)

Vidu: 2x+ 1)y’ = 4x + 2y (*)

Giai. Phuong trinh trong duong véi
2 4
17 " 2x+ 1

!

Y _2x+

* Nghiém tong quat ctia pt thuan nhat lién két y’ — ZxZT y =0 la:

2
y = Celzmmi®™ = cem 2+l = ¢(2x + 1)

« Bién thién hang sb: Tim nghiém pt(*) dudi dang: y = C(x)(2x + 1) ()

(C)x+1)) - e CONRx + 1) = 5——
© C'W)Rx+1) +20(x) - 20(x) = 35—
c B 4x
© W= Grne

oo x 2 2
- (x)_j(2x+1)2 x_j((2x+1) T xr P

=1n|2x+1|+;+C
2x+1

« Thay vao (**), nghiém tong quat ctia phuong trinh 1a:

y=<1n|2x+1|+ +C>(2x+1)

2x +1
= @2x+1DIn]2x+ 1|+ 1+ C(2x + 1).

e Phuong trinh Bernoulli:
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= PTVP Bernoulli 1a PTVP cé dang téng quat:
Yy + p(x).y = q(x).y*
véi a la hang s6 thuc khac 0 va 1
Cach giai:
= PTVP Bernoulli c6 nghiém riéng y = 0.
Chia hai vé cua PT cho y* ta dudc PT:

ye.y' + p(x).y! ¢ = q(x)
« Datz = y1- o ta quy vé PTVP cap 1 tuyén tinh:

z'+ (1-a)p(x).z=(1-a)q(x)

Vidu: y' + 2xy = 2x3y3 (*)

Giai.
* y = 0 la nghiém cua phuong trinh:
« Xét y # 0. Chia 2 vé phuong trinh cho y3, ta duoc:

!

y 1 3
?+2x?=2x

* batz = y_12 Tacoz' = (—2)%_
z' —4xz = —4x3(1)
- Nghiém tong quét cla pt thudn nhat lién két z' — 4xz = 0 1
z=Ce?
* Nghiém riéng cua (1) la z = x? +%

Nghiém tong quat cta (1) la: z = x2 + %—F Ce?*”,

Dang 2: Phwong trinh vi phan phan ly bién s6 cap 1
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PTVP cap 1 phan ly bién sé (PT tach bién) cé dang:
M, (x).M,(y).dx + N,(x).N,(y).dy =0 (1)

hoac: Yy = f,(x).fo(y) (2)
Cach giai:
= Xét cac trudng hgp N,(x) = 0 va M,(y) = 0 d€ tim cac nghiém

riéng cua PT(1).
= Bién ddi PTVP (1) vé dang:

IWl—(x)dx + wdy =0

N, (x) M, (y)
= LAy tich phan hai v€ ta dudc nghiém tdng quat:

IMI (%) 4x x+ [ melY) Nz(y)
N, (X) M, (y )

Vidu: xydx — (x + 1)dy = 0.

Giai.

s Xéty(x+1) =0« [ Y= 1a nghi¢ém cua phuong trinh.

+1= 0
« Xéty(x + 1) # 0. Chia 2 vé phuong trinh cho y(x + 1), ta dugc:
xdx dy

+—=0.
x+1 y

Lay nguyén ham 2 vé:

xdx d
e

x+1+ y
Sx—Inlx+ 1|+ Infy|=C
& —Ine*+In|x + 1| +Ine® = In|y|

eClx + 1|
S ln(e—) = In|y|

Hay y = C(Sl) . Do vay nghiém tong quat cta pt la:
C(x+1)
x+1=0

e MO0t s6 phuong trinh quy vé phan ly bién sé:
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1. Phuong trinh thuan nhat
PTVP thuan nhat cé mot trong hai dang sau:
= y' = f(x,y) trong doé f(x,y) la ham thuan nhat bac 0, nghia la:
f(tx,ty) = f(x,y), Vt

= M(x,y).dx + N(x,y).dy = O, trong dé6 M va N la cac ham
thuan nhat cung bac s, nghia la:

M(tx,ty) = £.M(x,y); N(tx,ty) = t.N(x,y), vt
Cach giai:
D4Gi bién y = x.z v38i x = 0 ta quy PTVP thuan nhit vé PTVP
phan ly bién so.

Vidu: y' = ;__23;
Giai.
Yy
/ X=y 1—; _ 1 1 ‘
Y =y = 1__z?y(f(x,y) = f(x.;,y.;)) TXD: x — 2y # 0

baty=zx=>y' =z+xz'vaiz= % Khi do, ptvp tuong duong véi

, 1—-z dz 11—z
Z+xz =1—Zz®2+xa=1—22
dz 1-2z+2z° (1—-2z)dz dx
S T T 1=2z S 1224222 x
(1-2z)dz dx 1 5
T 27 512,2 7=C@—§ln(1—22+22)—ln|X|=C

C
1—ZZ+222=—2
X

Thay z = %ta nghiém tong quat cua pt la:x? — 2xy + 2y? = C.

2. Phuong trinh dang:
y' = f(ax + by)
Cach giai:
Patz=ax + by, tacé: z'=a +b.y’
Quy vé phuang trinh phan ly bién so6:

z' = a +b.f(z)

Vidu: (1+x+y)dy=(1-3x—-3y)dx

Giai.
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* 1+ x + y = 0 khong la nghiém ctua phuong tinh.
 Xét1+ x + y # 0. Phuong trinh trén tuong duong voi:
dy 1-3(x+y)

— = =f(x+y).
dx 1+ (x+y) fe+y)
= _ I r 1-3z dz _ —2z+2
bitz=x+y=>z=1+y —1+1+Z<:>dx_ —

* NX:z =1 langhiém.

* Xétz # 1. pt tuong duong voi % — dx = 0, lay nguyén ham

2 veé

—Ez—lnlz—ll—sz.

Tl‘xz=x+y,tacé—%(3x+y)—1n|x+y—1|=Chor;1cx+y=1.

Dang 3: Phuwong trinh vi phin toan phan cap 1

1. PTVP toan phan

« PTVP M(x,y).dx+N(x,y)dy =0 (1) dudc goi la PTVP toan phan
néu ton tai ham ®(x,y) sao cho:
do(x,y) =M(x,y) +N(x,y)

= Khi d6 (1) cé nghiém téng quat: ®(x,y)=C
dM JN

Pinh ly: Néu W =5 thi (1) 1a PTVP toan phan. Khi dé:

®(x,y) = [M(x,y).dx + [ N(x,,y).dy

Xg Yo

®(x,y) = [ M(x,y,)-dx + [ N(x,y).dy

Xp Yo

VGi (Xo;Y,) 1a diém bat ky thudc MXP cua M(x,y) va N(x,y).

Vidu: (x% + y? + 2x)dx + 2xydy = 0.

Giai.
PatM = x? + y2 + 2x; N = 2xy. Taco
M;, =2y = Ny

Vay pt trén 1a pt vi phan toan phan hay vé trai 1a vi phan toan phan cta ham sb sau:

X y

53
d(x,y) = j(x2 + y? + 2x)dx + f 2.0.ydy = ET xy? + x?
0 0

N 3
Vay nghiém tong quat cta pt 1a: x? +xy? +x% =C.
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2. Phuong phap thira s6 tich phan
M(x,y).dx + N(x,y).dy = 0 (1)
Nhan hai vé cta (1) v3i thua sé tich phan p = p(x,y) sao cho:
p-M(x,y).dx + p.M(x,y).dy = 0
Ia PTVP toan phan.

Ggi y chon thira so tich phan

M_oN
By < IX _ (P(X) S p= e_[tp(x)dx
oM _oN
. ady . IX —y(y) = p= ef_l.w(v)dv
Vidu: (x + y?*)dx — 2xydy = 0.
Giai. Khong phai pt vi phan toan phan.
M, —N, -2 -2 1
My~ N, =4y =2 =—=p@) 2p)=el 7%=

A AL 1 ,
Nhan 2 vé véi p(x) = — taco:

1 y? y
<—+F)dx—2;dy=0

Pit M = G+z—);1v =—2% Taco

M, == =N,
Vay pt trén 1a pt vi phan toan phan hay vé trai 1a vi phan toan phan cta ham sb sau:

y
2

X
$(x,y) jld +j_2yd Injx| - =
x,y) = | —dx —=dy =In|x| —-—=C.
Y X x 7 X
1 0
Cau 8 (1,25d1ém). Gii phurong trinh vi phin: (2x-4y-1)dx+(x-2y+2)dy=0.
Ciu 6: (1.25 diémy Giai phuong trinh vi phan (3x" —v)dx = x.dv =0
Ciu 8. (/.25diém) Giai phueng trinh vi phan sau: 3xvdx +(x* 417 =2)dv =0,

=] Ik I Gr

Ciu 8(1,25diém). Giai phuong trinh vi phin: ¥ = y(1 — 2xy).
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Ciu 7. (l 25 diém) Giai phuong trinh vi phan:
(Sx +x+y)dx+(10x y- x)dy 0.

Chu 6. (1,25 diém) Giai phuong trinh vi phén:
y' =05.y.(81 = In?y).
Ciiu 6 (1,25 diém) Giai phuong trinh vi phan;

(X2 +4x+6)y' +(x+2)y=5

Ciu 7: (1,25 diém) Giai phuong trinh vi phin: (3x-2)y" = 6x- 4y

Chu 8: (1,25diém) Gidi phuong tinh vi phan:
(33\*2 P3xt =2y 4 l)d\‘ 4 (.\"‘ —dxy+3y)dy =

Cau 8: (1,25 diém) Giai phuong trinh vi phin sau:

X(x+2yH).dx - y.(1 — 2x?).dy=0

. . 2x 9
Cau 6(1,25 diém). Giai phuong trinh vi phan: y—dx ¥ =3 = x’ Pk A=
Cau 7. (1,25 diém) Giai phuong trinh vi phan:

Zxz
x.y +3y=—



0 ZEmR NI, TN

Ciu 3. (1,25 diém) Cho ham in y = y(x) xéc dinh tir phuong trinh:

2

.
>z
Chimg 16 ham s6 y = y(x) nay la nghiém cuia phuong trinh vi phén:

2x.y" = (Bxy? + 1.y’ + l—’ = 0.

; U (> X o)y_o.
Cau 7: (1,25 diém) Giai phuong trinh vi phan: [—}—+e J+[3+ yc Jy

Céu 7. (1,25 diém) Giai phuong trinh vi phan sau:
(2y +¥2.fy +8xyfy)dx + (x + 2xy. [y + 4x2. [y)dy = 0
Cau 8: (1,25 diém) Giai phuong trinh vi phén :

2X 2 x? _
arccosx—— |dx—| 3y" —— [dy=0.
y i 4
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