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L.o1 cam doan

To6i xin cam doan day la cong trinh nghién cttu ctia toi.

Thai Nguyén, ngay 30 thang 05 nam 2015

Hoc vién

Tran Quang Huy
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TOM TAT NOI DUNG

Ciing giong nhu trong nhiéu nganh toan hoc khéc, cac van dé cht yéu dudc
nghién ctu trong 1y thuyét bat ding thitc bién phan la sy ton tai nghiém, tinh
lien tuc ciia tap nghiém theo tham sb, va cac thuat toan tim nghiém. Noi dung
chinh trong luan van nay la bai toan dudi day.

Xét H 1a mot khong gian Hilbert thue, M va A 1a hai tap tham sd khac
réng lay trong hai khong gian dinh chuan ndo dé, f: H x M — H 1a mot anh
xa don tri, K : A — 27 13 mot anh xa da tri nhan gia tri 14 cac tap 16i dong,

khac réng. Xét bat ding thic bién phan phu thuoc tham sé

Tim x € K()\) sao cho
< flo,p)yy—x>>0Vy e K(N),

(0.1)

trong d6 (u, \) € M x A 1a cdp tham s6 ctia bai toan va < -, - > 1a ky hi¢u tich
vo huéng trong H. V6i cap tham s6 (77, \) € M x A cho trudc, ta c6 thé xem
(0.1) nhut 14 mot bai toan nhiéu ciia bat ddng thitc bién phan dusi day

Tim 2 € K () sao cho

B (0.2)

< flz,;),y—x> >0y e K(\).
Cia st T 1a mot nghiem ciia (0.2). Ching ta mudn biét xem liéu (0.1) c6 thé c6
nghiém x = 2(\, 1) & gan Z khi (\, ) & gan (X, 1) hay khong, vi ham z(u, \)
c6 dang diéu nhu thé ndo? Hay n6i mot cach khac 13 ta can nghién cttu do nhay

ctia nghiém T déi vé6i sy thay doi ctia (i, A).
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L.OI CAM ON

Luan van dugce thyce hién va hoan thanh tai trudng Pai hoc Khoa hoc - Dai
hoc Thai Nguyén dué6i sy huéng dan khoa hoc cua GS. TSKH. Nguyén Xuan
Tan. Qua day, tac gid xin dudc gii 161 cdm on sau sic dén thay gido, nguoi
huéng dan khoa hoc ctia minh, GS.TSKH. Nguyén Xuan Tan, ngudi da dua ra
dé tai va tan tinh huéng dan trong suét qua trinh nghién cttu clia tac gid. Dong
thoi tac gid cling chan thanh cdm on cic thay co trong truong Dai hoc Khoa
hoc, Dai hoc Thai Nguyeén, da tao moi diéu kién cho tac gid ve tai lieu va thu
tuc hanh chinh dé téc gid hoan thanh ban luan van nay. Tac gia cling gii loi
cAm on dén gia dinh, BGH truong THPT Nhan Chinh v cic ban trong 16p
Cao hoc K7A truong Dai hoc Khoa hoc, da dong vién gitp dé tac gia trong qua

trinh hoc tap va lam luan van.

That Nguyén, 2015 Tran Quang Huy
Hoc vien Cao hoc Toan K7A,
Truong DH Khoa hoc - DH Thai Nguyén
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DANH SACH KY HIEU

Trong toan luan van, ta dung nhitng ky hiéu véi cac y nghia xac dinh trong

bang duéi day:

B(a,r) Hinh cau mé tam a, ban kinh r
B(a,r) Hinh cau déng tam a, ban kinh r
Bx Hinh cau don vi trong X

As Tap nhitng diem cach A khong qué §
d(A, B) Khoang cach Hausdorff gitta hai tap A, B
-1l Chuan

Uz, Lan can cua x

X* Khong gian déi ngau ctia X
F:X=Y AnhxadatrititX vaioY

Nk (z) No6n phap tuyén cta tap K tai
Op(x) Dudi vi phan cta ¢ tai x

dom G Mién hitu hiéu cia G

graf G Do thi ctia G
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MO DAU

Ly thuyét bat dang thitc bién phan da ra ddi cach day hon 50 nam véi cac
cong trinh quan trong ctia G. Stampacchia, P. Hartman, G. Fichera, J. L. Lions
va F.E. Brower. Trong sudt thoi gian dé, 1y thuyét nay da thu hat dude su quan
tam clia nhiéu tac gid trong vd ngoai nudc. Da c6 rat nhiéu nhitng bai bao,
nhitng cudn sach dé cap bat dang thic bién phan va tng dung ciia ching. Hién
nay, nhitng bai toaAn phu thuoc tham s6 dang dugc cac nha toin hoc va cac
nha khoa hoc trong nhitng chuyén nganh khac quan tam nghién citu rat nhiéu.
Nhitng két qud d6 da dude tng dung trong rat nhiéu linh vye. Vay ly thuyét
bién phan nghién citu van dé gi? Sau day, chung toi xin dua ra mot s6 bai toan
ciia bat dang thitc bién phan.

Gid st K 1a mot tap 16i dong trong mot khong gian dinh chuan X, va
f: K — X* la mot anh xa don tri tit K vao khong gian déi ngau X* ctia X.
Bai toan “Tim T € K sao cho < f(T),z —T > > 0 v6i moi z € K” dugc goi la
bat ding thitc bién phan xac dinh béi toan ti f trén tap K.

Néu F : K — 2% la mot 4nh xa da tri tit K vao X* thi bai toan “Tim
Z € K sao cho ton tai z* € F(T) théa man < z*,2 — T > > 0 véi moi z € K”
duge goi 1a bdt dang thite bién phan suy rong xac dinh béi tap K va toan tit F.

Khi toan tit f(F) phu thuoc tham s6 4 va tap han ché K phy thuoc tham s6
A ndo dé thi bai toan trén dude goi 1a bat dang thite bién phan phu thudc tham
s6 (hay tuong tng 1a bat ding thic bién phan suy rong phu thuoc tham s6). O
day, (u, A) 1a cap tham s6 ctia bai toan.

Bat ding thic bién phan phu thudc tham sé va bat dang thic bién phan
suy rong phu thuoc tham s6, cing véi cac tng dung khac nhau ctia ching 13 noi
dung chinh trong luan van nay.

Luan van bao gom ba chuong:
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e Chuong 1. Kién thidc chuan bi

Trong chuong nay, ching t6i trinh bay mot s6 két qud quen thudc ciia cac
khong gian dude dung trong luan van nay; cac khai niém va mot s6 két qua cua
anh xa da tri; nhac lai bai toan t6i wu.

e Chuong 2. D6 nhay nghiém ctia bai toan bién phan suy rong.

Chuong nay, ching toi trinh bay cac khai niém co ban; cac két qua phu trg;
cac tinh chat lien tuc ctia nghiéem bat dang thiic bién phan suy rong phu thuodc
tham so; cac trudng hgp dac biét va cac ing dung.

e Chuong 3. Tinh lién tuc Holder ctia nghiém bai toan bién phan
phu thudc tham sb.

Trong chuong nay, chiung toi trinh bay cac tinh chat lien tuc Holder cua
nghiém ctia P(6, \); cic két qua bd trg sé diing trong chitng minh cac dinh 1y
chinh; cudi ciing 1a cac két qua vé tinh lién tuc kiéu Lipchitz - Holder ctia anh

xa nghiém theo tham s6.

Thai Nguyén, thang 05 nam 2015

Tran Quang Huy

Hoc vien Cao hoc Toan K7A

Chuyén nganh Todn ing dung

Truong Dai hoc Khoa hoc - Dai hoc Thai Nguyén
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Chuong 1

Kién thic chuan bi

1.1. Cac khong gian thuong dung

1.1.1. Khong gian metric

1.1.1.1. Pinh nghia

Dinh nghia 1.1. Mot tap hgp X dugc goi 1a mot khong gian metric néu: a)
V6i méi cap phan ti z,y € X déu c6 xac dinh, theo mot quy tac nao do6, mot
s6 thuc p(x,y), goi 1a “khodng cach gitta x va y”; b) quy tic trén thoa man céc
tien de duéi day:

1) p(x,y) > 0néux #y; p(z,y) =0« x =y (tinh phan xa).

2) p(z,y) = p(y,z) v6i moi z,y € X (tinh ddi xing).

3) plz,z) < p(z,y) + ply, z) v6i moi z,y, z € X (bat ding thiic tam giac).

Ham s6 p(z,y) duge goi 1a metric ciia khong gian, va cap (X, p) duge goi la
khong gian metric.
Sau day, chiing ta xét mot vai vi du vé khong gian metric.

Vi du 1.2. 1) Mot tap M bat ky ctia duong thing thyc R, véi khoang céch
thong thuong p(z,y) = |v — y| (d6 dai doan thang ndi = v& y), 14 mot khong

gian metric.
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2) Tong quét hon, trong khong gian k chiéu R¥, c6 thé x4c dinh khoang céch
gitta hai diem = = (£1,&,...,&) VA y = (91,72, ..., M) nhu sau

p(x,y) = \ Z(gz - 772‘)27

la mot khong gian metric.
3) Trong tap cac ham s6 thyc lién tuc trén doan [a, b], c6 thé xac dinh khoang

cach gitta hai ham z(t) va y(¢) nhu sau

p(r,y) = Jmax, lz(t) —y(t)],

l1a mot khong gian metric. Khong gian metric nay dugc ky hi¢u la Cp, p).

4) Trong tap cac ham sb trén, néu ta lay khoang cach nhu sau

b
play) = [ la(t) ~0)ar
a
thi cing thu dugc mot khong gian metric.

1.1.1.2. Su hoi tu trong khong gian metric

Tu day trd ve sau, ta viét khong gian metric ngan gon 1a X thay cho (X, p).
Khi néi dén khong gian metric X thi ta hiéu rang trén d6 da xac dinh mot
metric p nao do.

Trong khong gian metric, nhd c6 khai niém vé khoadng cach nén ta cé the

dinh nghia khai niém giéi han nhu sau.

Dinh nghia 1.3. Ta néi mot day diém x;, s, ... clia mot khong gian metric X

hoi tu t6i diém x clia khong gian d6 néu

lim p(z,,z) =0.

n—oo

Ta viét x,, — z hosic lim x,, = z. Diém z dugc goi 1a gidi han cta day {x,}.
n—oo

1.1.1.3. Tap md& va tap dong

Dinh nghia 1.4. (Lan can).
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Mot hinh cau tam a, ban kinh r(0 < r < 4+00), trong mot khong gian metric
X, la tap
B(a,r) ={z: p(z,a) <r}.
Hinh cau B(a,r) cing dugc goi 1a mot 7 - 1an can cia a. Moi tap con ciia X

chita mot r - lan can ctia nao dé cia a duge goi la mot lan cin cua a.

Dinh nghia 1.5. (Diém trong).
Ta n6i z 13 mot diém trong ciia tap A néu ton tai mot lan can ctia  ndm

hoan toan trong A.

Dinh nghia 1.6. (Tap mgd).

Mot tap dude goi la tap md néu moi diem thuodc né déu la diém trong.

Dinh nghia 1.7. (Tap déng).

Mot tap la déng néu moi phan tit khong thuoc né déu la diém trong cia
phan bl ctia né.
Dinh nghia 1.8. (Bao déng).

Gia st A 1a mot tap con ctia X. Giao clia tat ca cac tap hgp doéng chita A
dugce goi 1a bao déng ctia tap hop A, ky hieu la A.

Tt cac khai niém trén, v6i a € X, r > 0, ta c¢6 cac tap hgp sau day:
e Bla,7)={z € X : p(a,x) < r} goi 1a hinh cau mé tam a, ban kinh 7.
e B(a,7) ={x € X : p(a,z) <r} goi 1a hinh cau déng tam a, ban kinh r.

e Hinh cau don vi trong X ky hieu 1a By.

1.1.1.4. Khong gian metric du

Trong khong gian metric X, ta c¢6 khai niém day Cauchy nhu sau: Day
{z,} C X dugc goi la day Cauchy néu p(x,, ;) — 0 khi n,m — oo.

Mot khong gian metric X ma trong dé moi day Cauchy déu hoi tu (£6i mot
phan tit thuoc X) goi 1a khong gian di.

Céc khong gian nhu: duong thang thiyc R v6i khoang céch thong thudng 1a
mot khong gian metric di; khong gian R* v6i khodng cach thong thuong ciing

la khong gian metric du, ...
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1.1.1.5. Anh xa lién tuc

Cho hai khong gian metric X va Y (v6i cac metric tuong tng la px va
py). Mot 4nh xa f : X —— Y dugc goi 1a lien tuc tai diem zo € X néu véi
moi € > 0, ton tai § > 0 sao cho véi moi x € X théa man px(x, ) < § thi

py (f(z), f(wo)) <e.

Anh xa f dudc goi 1a lién tuc néu no lien tuc tai moi diem x € X.

1.1.1.6. Khoang cach Hausdorff gitta hai tap hogp

Cho A 1a mot tap hop trong khong gian metric X. V6i mdi diém = € X, ta
dat
p(z, A) = inf{p(z,y) : y € A},

va goi p(z, A) 1a khodng cach tit z dén tap A. Hién nhién p(x, A) = 0 khi va chi
khi c¢6 mot day {y,} C A sao cho y,, — x. Do d6 p(z,A) =0 & x € A.

Tap As = {z € X : p(x, A) < §} gdm nhiing diém cach tap A khong qua d,
goi la d - bao cta A.

Néu A, B 1a hai tap trong khong gian metric X thi B C As c6 nghia 1& moi
diém ctia B déu cach A mot khoang khong vugt qua 6. Khi do, s6

d(A,B) =inf{d > 0: A C B;, B C As},

goi 1a khodng cach Hausdorff gitta hai tap A va B.

1.1.2. Khong gian tuyén tinh dinh chuan

1.1.2.1. Pinh nghia

Trong phan trén, ta da nghién cttu cac van dé lien quan dén khoang cach
nhu sy hoi tu va tinh lién tuc. Trong giai tich con c6 nhiéu van dé khac nita lien
quan dén cac phép toan tuyén tinh nhu: cong hai phan tit va nhan mot phan ti
v6i mot s6. Dé nghién citu van dé nay, ta dua vao khai niem khong gian vecto

va khai niem khong gian tuyén tinh dinh chuan.

Dinh nghia 1.9. (Khong gian vecto).
Mot tap X dudc goi 1a mot khong gian vecto néu:
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a) Ung v6i mbi cip phan tit z,y € X xac dinh, theo mot quy tic nio do, phan

tt thuoc X, goi la téng ctia  véi y, va dude k¥ hieu la « + y; dng véi mdi

phan ti x € X va mdi sd thuc a xac dinh, theo mot quy tic nao do, mot

phan t ctia X, goi l& tich clia x véi o va duge ky hieu 1a o - .

b) Céac quy tac trén thda man 8 diéu kién sau day véi moi z,y,2 € X va véi

moi «, 8 € R:

1) z+y=y+z.

2) z+(y+z)=(@+y) +2

3) Ton tai mot phan tit 0 sao cho +0 = x (phan tit nay dugc goi 1a phan
ti khong).

4) Ung v6i méi = € X ta c6 phan tit —z € X sao cho z + (—z) = 0 (phan
tt —z duge goi 1a phan tit déi cia x).

5 1-x=u.

6) a(br) = (ab)a.

7) (a+ p)x = ax + Bz.

8) alr+y)=ar+ ay.

Dinh nghia 1.10. (Khéng gian tuyén tinh dinh chuén).
Cho X 1a mot khong gian tuyén tinh trén truong K, mot chuan tren X 1a

ham s6 || - || : X — RT théa man céc diéu kién sau:

1) el >0, 2] =0 & 2 = 0.

9) [|Az]| = |A| - [|]| v6i moi A € K.

3) M +yll < |lz|| + [ly[| v6i moi z,y € X.

Khi d6 || - || goi 1& mot chuan trén X va khong gian (X, || - ||) dude goi 1a khong

gian tuyén tinh dinh chuan.

1.1.2.2. Tinh lién tuc

Gia stt X va Y la hai khong gian tuyén tinh dinh chuan. Mot toan ti A tir

X vao Y dudc goi 1a lién tuc néu xz,, — xo trong X luon kéo theo Az, — Az
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trong Y. Mot toan ti tuyén tinh A tit X vao Y 1a lién tuc khi va chi khi né bi
chan.

Trong khong gian vects X ta xac dinh mot chuan, nghia 13 tng v6i méi phan
ti x € X, ta c6 mot s6 ||z|| > 0 théa man céc didu kién trong Dinh nghia[1.10]
Néu ta dat

plz,y) = [lz—yll,

thi p 1a mot metric trén X. Thic la ta lai c6 mot khong gian metric.

Ta c6 mot s6 két qua sau day:

1) &, — xo ¢6 nghia la ||z, — zo|| — 0 khi n — oc.

2) Néu x,, — x¢ thi ||2,|| — [|zo]||, hay 1& chuan || - || 1A mot ham lien tuc
cua .

3) Moi day hoi tu déu bi chin. Tic 14 néu {z,,} hoi tu thi ton tai s6 M > 0
sao cho v6i moi n thi ||z,|| < M.

4) Néu x,, — xo, Yn — Yo thi z, + yn — o + yo. Néu x,, — xo V& o, — Qg
thi a2, — apxg. Hay cac phép toan = + y va ax 13 lien tuc. Ta néi rang cau

tric dai s6 tuong thich véi cau tric topo.

1.1.2.3. Tinh Lipschitz

Cho X la khong gian dinh chuan. Ta néi rang f la ham Lipschitz trén tap
D C X néu ton tai k > 0 sao cho

|f(z) — f(y)] < klz —yl, Vr,y € D.

Ham f dugc goi 1a Lipschitz dia phuong tai x € X néu ton tai s € > 0 sao
cho f 1& ham Lipschitz trén hinh cau B(z,¢) N D.

Ham f dugc goi 1a Lipschitz dia phuong trén tap D néu né Lipschitz dia
phuong tai moi diém thuoc D.

1.1.3. Khong gian Hilbert

Dinh nghia 1.11. (Khéng gian tién Hilbert).
Mot khong gian vecto thiie X dugde goi 14 khong gian tién Hilbert néu trén
X ¢6 xac dinh mot ham hai bién (z,y), goi la tich vo huéng clia hai vecto z va

y, thdoa man
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1) (2,9) = (y,2).

2) (x+y,2)=(x,2)+ (y,2).

3) (az,y) = a(z,y) véi moi a € R.

4) (z,z)>0néux #0, (r,z) =0 néu z = 0.

Hon ntta ta chiitng minh duge (z,x) = ||z||?, tic 1a

|z|| = \/(z,x) x4c dinh
mot chuan trong khong gian X. Néi cach khac, khong gian tién Hilbert dinh
nghia nhu trén 1a mot khong gian dinh chuan va do dé ciing 1a mot khong gian
metric.

Mit khéc ta ciing chiing minh dugce tich vo huéng (x, y) 1a mot ham lién tuc

do6i véi z va y.

Dinh nghia 1.12. (Khong gian Hilbert).
Mot khong gian tien Hilbert du goi 1& khong gian Hilbert.

Trén khong gian Hilbert X, ta ¢6: V6i mdi vecto a € X, hé thiic

f(z) = (a, ),

xéac dinh mot phiém ham tuyén tinh lien tuc f(x) trén khong gian X vdi ||f]| =
|a]|. Ngugc lai, bat ky phiém ham tuyén tinh lién tuc f(x) ndo trén mot khong
gian Hilbert X ciing déu c6 thé biéu dién mot cach duy nhat dudi dang f(x) =
(a,x), trong d6 a 1a mot vects thuoc X thoéa man || f|| = ||all-

Mbi toan tt tuyén tinh lién tuc A trong khong gian Hilbert X xéac dinh mot
phiém ham song tuyén tinh lién tuc f(x,y) = (Az,y) nghiem dung ||f|| = ||4]|.
Ngugc lai bat ky phiém ham song tuyén tinh lién tuc f(z,y) nao trén X cling
c6 thé biéu dién mot cach duy nhat dusi dang f(x,y) = (Az,y), trong d6 A la

mot toan ti tuyén tinh lien tuc trén X thoa man ||f|| = ||A]].

1.1.4. Khéng gian topo tuyén tinh 16i dia phuwong Hausdorff

Dinh nghia 1.13. Cho mot tap X bat ky. Ta n6i mot ho T nhitng tap con clia

X 1a mot topo (hay xac dinh mot cau tric topo) trén X néu

i) Hai tap 0 va X deu thuoc T.
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ii) 7T doéng kin d6i v6i phép giao hitu han, titc 13 giao clia mot s6 hitu han cac

tap thuoc T cling 1a mot tap thuoc 7.

iii) T dong kin do6i véi phép hop bat ky, titc 1a hop clia mot s6 bat ky (hitu
han hodc vo han) céac tap hgp thudoc T cang la tap thuoc 7.

Mot tap X cung vGi topo T trén X dudce goi la mot khong gian topo, ky hiéu la
(X, 7).

Vi ho cac tap md trong mot khong gian metric thda man cac diéu kien treén,

nén cic khong gian metric déu 1a khong gian topo.

Pinh nghia 1.14. Lan can ctia mot diém z trong mot khong gian topo X la
bat ct tap hop nao bao ham mot tap md chita x. N6i cach khac V 1a mot lan

can clia  néu c6 mot tap mé G sao chox € G C V.

Dinh nghia 1.15. (Anh xa lién tuc).

Cho X, Y la hai khong gian topo. Mot anh xa f tuw X vao Y dugc goi la lién
tuc tai 2o néu véi moi lan can U, cta diém yo = f(x) déu c6 mot lan can V,,
ctia diém zg sao cho f(Vy,) C Uy, nghia la z € V,,, = f(x) € Uy,.

Anh xa f dudc goi la lién tuc néu no lien tuc tai moi diem z € X.

Dinh nghia 1.16. (Khong gian Hausdorff).

Khong gian topo (X, T) duge goi 1a To— khong gian (khong gian Hausdorff)
néu véi hai diém phan biét z1, x5 thudc X luon ton tai hai tap mé U, V sao cho
1 €U, 2o € VvalUnV =0.

1.1.5. Khéng gian déi ngau
Néu X 13 mot khong gian vecto topo thi tap hop cac phiém ham tuyén tinh
lien tuc trén X goi 1a khong gian doi ngau ctia X va duge ky hieu 1a X*. D6 1a
mot khong gian vecto véi cac phép toan tiy nhién:
o (fi+ fo)(x) = fi(z)+ f2(),
o (afi)(z) = afi(z).

Néu X la khong gian dinh chuan thi ta c6 thé dua vao trong X* mot chuan
dé né bién thanh mot khong gian dinh chuan da (khong gian Banach).
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V6i X 1a khong gian Banach, ta c6 khong gian déi ngdu X*. Goi X** 1a
khong gian déi ngau ctia X*. Trong truong hop X = X** thi X dudc goi 1a
khong gian Banach phan xa.

1.2. Anh xa da tri

1.2.1. Dinh nghia

Dinh nghia 1.17. (Anh xa da tri).
Cho X,Y la hai tap hop bat ky. Mot anh xa F': X = Y dudgc goi 1a dnh za
da trinéu F chuyén x € X thanh mot tap hop F(x) C Y. F(x) goi la dnh clia

X.

Sau nay, ta sé dung ky hieu F : X = Y dé chi F la mot anh xa da tri tit X
vao Y.

Néu F' la mot anh xa da tri tit X vao Y thi ta co:

1) AC X, F(A) =UF(x) véi x € A, dugc goi 1a anh cta tap hop A.

2) VéiyeY,tap F1(y) ={zr € X :y € F(z)} dugc goi la tién anh cta y.

3)BCY,F'(B)=UF'(y) C X véiy € B, la tidn anh ctia B.

4) dom F = {z € X : F(z) # ()} 14 mién httu hiéu ctia F.

5) graf = {(z,y) € X XY :y € F(x)} goi la do thi cta F.

Tw Dinh nghia ta c6 khai niém anh xa da tri dong nhu sau.

Dinh nghia 1.18. (Anh xa da tri déng).

Cho X,Y la cac khong gian topo, F : X = Y 1a anh xa da tri. Néu graf F
1a tap dong thi F' dugc goi 1a dnh za da tri déng (hodc anh xa c6 do thi déng),
hay tuong duong: (z,,y,) € graf F, (z,,yn) — (z,y) = (x,y) € graf F tic la
yn € graf F(z,) =y € F(x).

1.2.2. Tinh nira lién tuc trén va tinh nia lién tuc duédi caa

anh xa da tri

Dinh nghia 1.19. (Tinh nita lién tuc trén).
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Ta né6i anh xa da tri F' 13 nia lién tuc trén tai z € dom F néu véi moi
tap mé V C Y théa man F(z) C V ton tai mot lan can mé U cla x sao cho
F(x) cV véimoixz e U.

Néu F la ntta lien tuc trén tai moi diem thudc dom F, thi F' dugc goi la nita

lién tuc trén 6 trong X.

Dinh nghia 1.20. (Tinh nita lién tuc duéi).

Ta néi anh xa da tri F' 1a nia lién tuc dudi tai € dom F néu v6i moi tap
mé V C Y théa man F(z) NV # @ ton tai mot 1lan can md U cia x sao cho
F(z)NV # () v6i moi z € U Ndom F.

Néu F la nita lien tuc duéi tai moi diem = € dom F thi F dugc goi la nita
lién tuc dudi G trén X.

Dinh nghia 1.21. (Tinh lién tuc).
Ta n6i anh xa da tri F lién tuc tai x € dom F néu F dong thai vira lién tuc
trén va vira lien tuc dudi tai . Néu F lién tuc tai moi diém thuoc dom F' thi

F' dugc goi la lién tuc trén X.

Sau day, ta xét mot vai vi du vé tinh nita lién tuc trén, nita lién tuc dudi va

lién tuc cua anh xa da tri.

Vi du 1.22. Anh xa da tri F: R =2 R xac dinh béi

{0} néu x < 0,
F(r)=4{-1,1} néuz=0,
{1} néu z > 0,

la nita lién tuc trén 6 trong R, nhung khong nita lién tuc duéi tai x = 0. Do vay

F khong 1a anh xa lién tuc.

Vi du 1.23. Anh xa da tri

[0,1] néu z # 0,

F(r) = )
{0}  néuz=0,

ntta lién tuc dudi tai x = 0 nhung khong nita lién tuc trén tai dé. Do dé né ciing

khong la anh xa lién tuc.
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1.3. Cac bai toan trong ly thuyét téi wu

1) Bai toan t6i wu Cho D la mot tap khac réng ciia khong gian X. Bai
toan: Tim diém xo € D théa méan F(xy) < F(z) vdi moi x € D, ta viét

F(xg) = iréiB F(x).

zo dudce goi 1a nghiém toi wu toan cuc clia bai toan. Néu tim dude zg € D sao
cho ton tai mot 1an can U clia ¢ dé F(xg) < F(x) v6i moi & € U N D, thi bai
toan dudc goi 1a bai todn toi wu dia phuong va x¢ duge goi 1a nghiem toi vu dia
phuong cua bai toan.

2) Bai toan bat dang thitc bién phan: Goi X* la khong gian dbi ngiu
cia X. Néu z € X, f € X*, ta dinh nghia < z,f >= f(z) 1a gia tri cla
f tai 2. Cho D C X la tap 16i, déng, khac rong. Cho 4nh xa A : D — X*,
¢: D — RU=oo. Tim v € D sao cho

< A(u),v —u > +o(v) — ¢d(u) >0, Yv e D.

3) Bai toan diém can biang: Cho D la tap con khéc réng ciia khong gian
X, f:DxD—R.Timz € D sao cho f(Z,y) > 0 v6i moi z € D.

4) Bai toan diém bat dong: Cho X 1 khong gian Hilbert, D C X 1a tap
hgp con khéc rong, T : D — D la anh xa don tri. Tim T € D sao cho T(T) = T.

5) Bai toan can bang Nash: Cho D; € X;, i € I 1 cac tap con khéc rong
trong X; (v6i I 1a tap hitu han cac phan t, ¢ € I, X; 1a nhiing khong gian).
bat D = [[ D; va xét cac ham f; : D — R. V6i moéi z = (z;),er € D, ta dat

iel

"= (zj)jer, jzi- TIm T = (T;)ier € D sao cho

X
fi(@) < fil@, ), Vy; € D;.

6) Bai toan diém yén ngua: Cho Di,D5 € X va ¢ : D1 X Dy — R. Tim

(Z1,T2) sao cho (T1,T2) € D1 X Dy va

©(T1,y2) < o(Z1,72) < ¢(y1,T2), V(y1,y2) € D1 x Ds.

7) Bai toan bui: Cho C la nén 16i, déng trong X. Goi C* 1a nén cyc cia
C. Xét anh xa T : C — C*, v6i X* 1a khong gian topo doi ngau ctia X. Tim
TeXsaochozeC,T(z) e C*, <T(T),T >=0.
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8) Bai toan tua t6i wu loai I: Cho K la tap hgp khac réng ctia khong
gian Y ndo d6, S : D x K — 2P T : D x K — 2% 13 cac anh xa da tri,
F:K x D x D — R 1a ham s6. Tim diém (Z,7) € D x K sao cho

9) Bai toan tua tdi wu loai II: Tiép theo cho S; : D — 2P, i = 1,2,
T :D — 25 la cac anh xa da tri, F : K x D x D — R 1a ham s6. Tim diém
(Z,7) € D x K sao cho

1) 7€ 8 3),

2) F(y,z,x) > F(y,T,x) v6i moi x € So(T), y € T(T, ).
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Chuong 2

D6 nhay nghiém cta bat
dang thic bién phan suy

rong

Trong chuong nay ching ta sé thiét 1ap mot s6 két qua vé do nhay nghiem
clia bat déng thic bién phan suy rong c6 tham sé trong khong gian Banach
phan xa.

Do hé diéu kién can cuyc tri bac nhat clia mot bai toan téi wu bat ky co thée
viét duéi dang mot bat dadng thic bién phan hodc bat dang thitc bién phan suy
rong nén hau hét cac két qua vé bat dang thiic bién phan va bat dang thitc bién
phan suy rong déu c6 tng dung trong tdi wu hoéa. N6i rieng ra, cac két qua ve
do nhay nghiém ctia cac bat dang thiic bién phan suy rong c6 nhitng he qua

tryc tiép doéi véi Anh xa nghiém clia cac bai toan quy hoach 16i c6 tham so.

2.1. Cac khai niém co ban
Ta ky hieu X 13 khong gian Banach phan xa véi khong gian déi ngau X*.

Chuan trong X va trong X* déu duge ky higu 1a || - ||. Ta nhéic lai mot s6 khai

niém cd ban sau:
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e Khoang cach tit diéem z € X dén tap A dugc dinh nghia béi
d(z,A) = inf{||z —z|| : = € A}.

Quy uéc inf() = +oo va A+ 0 = 0.

e Tap 16i: Tap hop A C X dudc goi la tap 107 néu véi moi 1,29 € A,
t €10,1] thi tzg + (1 — t)z2 € A.

e Vecto phap tuyén: Vecto 2* € X* dugc goi 1a vectd phap tuyén clia tap

16i A tai  néu né thoa man
<z*,x—7><0, Vz € A.
e N6n phap tuyén cta tap K tai  dudc dinh nghia bdi cong thiic

{z* e X" <a*y—x><0Vye K}, z€K,
Ng(x) = (2.1)
0, x ¢ K.

e Ham 16i: Cho X 13 khong gian 16i dia phuong, D C X, f : D — RU{%o00},
ta co
epi f ={(z,z) e DxR: f(z) <r}.
Ham f dudc goi 1 16i néu epi f 1a tap 10i trong khong gian tich X x R.
e Duéi vi phan: Cho ¢ : X — RU {400} 1a mot ham 16i va z € X sao
cho () # +00. Dudi vi phan cia ¢ tai  duge ky hiéu béi dp(z) va duge xac
dinh béi cong thiic

do(z) ={z" € X" : p(y) —p(x) ><z*,y—x> Yy e X}. (2.2)

Gia st F : X — 2% 1a mot anh xa da tri, bt ding thic bién phan suy rong
xac dinh bdi 4nh xa F va tap 16i K 1a bai toan tim z € K thoéa man bao ham
thic

0 € F(x)+ Nk (x). (2.3)
T cong thic 1} suy ra rang x € X théa man 1} khi va chi khi x € K va

ton tai z* € F(x) sao cho

<z y—x>> 0, Vy € K.
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Néu F(z) = {f(x)}, trong d6 f : X — X* 1a anh xa don tri, thi (2.3) tré thanh
0 € f(x) + Ng(z), (2.4)

va bai toan tuong tng dudc goi la bat ding thic bién phan xac dinh bdi anh
xa f va K.

Gia st (A, d) va (M, d) 1a cac khong gian metric. Gia stt xg € X, A\g € A va
po € M. Gia st F: X x M — 2%, K : A — 2% 13 hai anh xa da tri. Ta luon
gid st rang K (-) nhan gia tri 16i, dong, khac réng. Bai toan tim z = x(u, \)

thda man bao ham thic
0¢€ F(x,u) + Ngoy(), (2.5)

trong d6 (u, \) € M x A la mot cap tham s6, duge goi 1a bat dang thiic bién
phan suy rong phu thuoc tham sb. Luu ¥ ring 2 € X théa man (2.5) khi va chi
khi x € K()\) va ton tai z* € F(x,u) sao cho

<z,y—xz>> 0, Vy € K(\).

2.2. Cac két qua bd tro
Cho G : X — 2% 1a anh xa da tri. Cac tap

dom G ={x e X :G(x)#0D}

graf G = {(z,2") e X x X" : 2" € G(z)}
tuong tng dude goi 14 mién httu hiéu va do thi cla G.

Dinh nghia 2.1. Anh xa G dugce goi 1a nida lién tuc dudi theo nghia Hausdorff

tal g € X néu v6i mdi € > 0 ton tai mot lan can U cla zy trong X sao cho
G(xo) C G(z) + eBx-~,
v6i moi z € U, trong do

Bx« ={z" € X* :||z"|| < 1}.
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Dinh nghia 2.2. Anh xa G dugc goi 1a dé-mi lién tuc tai ¢ € X néu vdéi moi
tap mé V C X* trong topo yéu clia X* thoa man G(zo) C V ton tai mot lan
can U cla x( trong X sao cho G(x) C V v6i moi x € U.

G dugc goi 1a hé-mi lién tuc tai 2o € X néu véi moi x € X, t € [0, 1] va vdi

moi tap mé yéu  V C X* thdéa man
G(txo+ (1 —t)v) CV,

ton tai 6 > 0 sao cho

G(txg+ (1 —t)zg) CV

v6i moi ¢t € [0,1] ma

1—t <.

Dinh nghia 2.3. Anh xa G : X — 2% duge goi 1& don diéu néu véi moi

(x1,27), (z2,23) € graf G ta co
<xy—xi,re—x1 > > 0.

Ta n6i G don diéu cyc dai néu G 1a don dieu va khong ton tai anh xa don dieu

G : X — 2% sao cho graf G la tap con thyc sy cua graf G'.

Sau day chiing ta sé phéat biéu tieu chuan dé kiém tra tinh don diéu cuc dai

cia mot anh xa da tri.

B6 dé 2.4. Gid st G : X — 257 la mot toan ti& don diéu, hé-mi lién tuc. Néu
U C dom G la tdp hop sao cho vdi moi x € U ta ¢é G(x) la tap 107 déng thi khi

dé G la dée-mi lien tuc tai moi diém xo € U.

Bo dé 2.5. Gid st G : X — 257 la mét todan ti don diéu, dé-mi lien tuc. Néu

vdi moi x € X, tap G(x) la loi dong thi G la todn ti don diéu cuc dai.

Bo dé duéi day sé cho phép ching ta kiém tra tinh don diéu cuc dai ciia
tong hai toan tit don dieu cuc dai.

B6 dé 2.6. Néu G1,Gy: X — 2X" 14 cdc todan ti don dieu cuc dai théa man
dieu kién int (dom G1)N dom Go # 0, trong dé int D ky hiéu phan trong topo
ctia tap D, thi khi dé tong G1 + Go: X — 2X" rdc dinh bdi cong thic

(G1 + Ga)(z) = Gi(z) + Ga(z),

cung la toan tu don diéu cuc dai.
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Sau day 1a két qua chinh ctia ly thuyét toan ti don diéu cyc dai.

Bé dé 2.7. Néu G : X — 25" la don diéu cuc dai va dom G la bi chan thi G

la toan dnh, nghia la |J G(z) = X*.
zeX

Trong phan tiép theo, chiing ta sé can dén cic khai niém vé tinh don dieu

chit va don dieu déu (theo ham c¢d w) ciia anh xa da tri G : X — 2%,

Dinh nghia 2.8. Anh xa G : X — 2% dugc goi 1a don diéu chat néu cho bét
ky ($17$T)7 (37271:;) € graf Ga T # T2, ta co

<xy—x], w2 —x1 > > 0.

Ta thiy ring néu F : X — 2% 1a don diéu chit thi bai toan (2.3) c6 nhiéu
nhat mot nghiem. That vay, gid st rang x1, 22 € K 1a hai nghiém ctia bai toan
(2.3)), khi d6 ton tai 2% € F(zy), 25 € F(22) théa man

<zi,xeg—x1 > > 0, < T5,x1 — T2 > > 0.

Do do

<xy—ai,re—x1 > < 0.

Do tinh don diéu cua F', ta c6

<xy—x], T2 —x1 > > 0.
Vi vay

<xy—x],r2 —x1 > = 0.

T tinh don diéu chat cua F' ta suy ra x1 = xs.

Dinh nghia 2.9. Gia st w 13 mot ham s6 khong gidm tren Ry, = {t e R: ¢ > 0}
sao cho w(t) > 0 véi moi t > 0. Anh xa G dugc goi 1a w - don diéu déu néu véi

moi (z1,x7) € graf G ta co
<xy—a],x2 —x1 > > w(||lrs — z1]])||z2 — 21| (2.6)
Néu w(t) = at, a > 0 thi tré thanh
<xh—xl, e — 21 > > wl|lze — 21| (2.7)

Trong truong hgp nay G dugce goi la don diéu manh.
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2.3. Cac tinh chat lién tuc cua nghiém bat dang
thic bien phan suy rong phu thudéc tham so6
Xét bat ddng thiic bién phan suy rong phu thugc tham sé dang (2.5)), trong

d6 F(x,pn), K(X), M, A duge dinh nghia nhu trong Muc 2.1. Gia st (xq, po, Ao) €
X x M x A 1a bd ba thoa man diéu kién

0e F(xo,uo) + NK(AO)('TO)- (28)

Két qua dau tien ciia ching ta vé do nhay nghiém ctia bai toan (2.5) d6i véi
sit thay ddi clia cap tham s6 (u, \) dugce phat biéu nhu sau.

Dinh ly 2.10. Gid s rang cdc dieu kién sau day duoc théa man

a) Vi moipue M, F(-,u) la todn ti don diéu cuc dai.

b) Ton tailan can U ciia zo sao cho vdi moic > 0 ton tai 6 > 0 dé néu
(1, 27), (22,23) € graf F(-,p) N (U x X7),

v p € M nao do, va

||zo — z1]| > €,

thi

<xy—xi,re —x1 > > 0.

c) Ton tai lan can U’ cla g, lan cin W ciia po va hdng s6 v > 0 sao cho
F(xz,p) # 0 vdi moi (x,u) € U' x W,

sup{[|z*|| : 2" € F(z,p),z € U',p € W} <, (2.9)

va vdi moi x € U, F(x,-) la nia lien tuc dudi theo nghia Hausdorff tai moi
diém p e W.
d) Ton tai ham s6 3 : Ry — R, théa man
li =
lim 53(¢) = 0,

lan can U" cia x¢ va lan can 'V cia \g sao cho

KN)NU" ¢ K(\) + BN, \)Byx, VYN, A€V (2.10)
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Khi do ton tai lan can W ciia Lo, lan can V ciia Ao sao cho vdi moi (u, A) €
W x V ton tai duy nhat nghiém x = z(p,\) € U ciia bat dang thic bién phan
suy rong sau day

0€ F(x,u) + Ngoy(o). (2.11)

Hon nia, x(po, A) = xo va ham (pu, \) — x(u, ) lién tuc trén W x V.

Céc nhan xét dudi day sé gitip chiing ta hiéu 16 hon vé cac gia thiét a) — d).
Nhan xét 2.11. Néu ton tai mot hing s6 a > 0 sao cho v6i moi u € M va
(z1,27), (x2,x5) € graf F(-, p), bat déng thic (2.7) duge nghiém ding thi b)
duge théa man. Ciing dé thay ring néu ton tai mot ham khong gidm w : Ry —
Ry, w(t) > 0 khi ¢ > 0, sao cho v6i moi p € M va v6i moi (z1,z7), (x2,x3) €
graf F(-, i), bat dang thic (2.6) nghiem dung, thi b) duge théa man.

Nhan xét 2.12. Néu a) va b) dugc thda man, véi moi u € M, han ché ciia 4nh
xa F'(-,p) trén U la don diéu chat. That vay, do a), F'(-, u) 1a don diéu. Gia st
rang ton tai (z1,x7), (v2,23) € graf F(-,u) N (U x X*), 1 # x2 thda man

<xy—ax],x2—x1 > = 0.
1 P ) o
Dat€:§H:r2—x1H.le moi d > 0, ta b ||ze — z1|| > €. Ta lai c6
<xy—x],re —x1 > = 0<9.

Diéu nay mau thuan véi b).
Nhan xét 2.13. Néu F(z,pu) = {f(x,u)}, trong d6 f : X x M — X* la anh
xa don tri va lién tuc thi c¢) thdéa man.

Nhan xét 2.14. Gia st rang A 13 mot tap con trong khong gian dinh chuan
va B(t) = k(t), trong d6 k > 0 la mot hing s6. Khi d6 (2.10) trd thanh

KW\)NU" € K(\) + k||N — \|Bx

v6i moi A\, \ € V. Trong truong hop nay, ta néi ring K(-) la gid Lipschitz tai
(Mo, o). Theo thuat ngit trong [8] va [12], anh xa K (-) 1a ¢6 tinh chat Aubin tai
(Mo, o). Céc tac gid cia [10] da dé nghi thay cum tit “c6 tinh chat Aubin” béi
cum tir “lien tuc Aubin”. Dé thay rang néu K(-) lien tuc Aubin tai (Mg, zg) thi

d) théa man.
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Nhan xét 2.15. Néu v6i moi u € M, anh xa F(-, ) c6 gia tri 16i, déng, don
diéu va hé-mi lién tuc trén X, thi a) théa méan. Dé chiing minh diéu do ta chi
can ap dung Bé dé[2.4]va Bé d&2.5

Nhan xét 2.16. Dinh ly dusi day 1a truong hop dic biet ctia Dinh ly

trong d6 F' la mot anh xa don tri.

Khai niém don diéu déu (theo mot ham ¢d w ndo do) ciia cac toan tit da to
ra rat hitu ich trong Giai tich ham phi tuyén. Trong [11] va [9] d& chi ra rang c6
thé dic trung tinh 16i déu ctia céc khong gian Banach bing cach st dung tinh
don diéu déu ctia cac toan tit. Luu ¥ rang 16p cac toan tit don diéu manh 1a kha
hep va khong thich hgp cho viéc thiét 1ap nhitng dic trung nhu thé.

Dud6i day 1a mot s6 vi du vé cac toan ti 1a w - don dig¢u déu ( v6i mot ham

cG w nao d6 ) ma khong la don diéu manh.

Vi du 2.17. Xét anh xa F : R — 2R dugc xac dinh béi cong thiic
F(u) = {[ulP~?u},

v6i moi u € R, trong d6 p > 2 1a4 mot hing s6 cho trude. Khi d6 ton tai mot

hing s6 ¢ sao cho
(|u|p—2u - |U|p_2”l}, u = U) > C|u - U|p7

v6i moi u, v € R. Do d6 F(-) 1a mot toan tit w don diéu déu véi w(t) := ctP~ L.
Chu y 2.18. C6 thé ching t6 rang F(-) khong 1a toan tit don di¢u manh.
Vidu 2.19. Gid st ¢ : R = R, pu(z) = 2%, Vi ¢ 1a mot ham 16i kha vi lién tuc

nén

V6i moi x,y € R ta co

<oy —¢' (), y—z>=(4y° — 42°)(y — )
=4(y* + zy + 2*)(z — y)°

> (y—x)*h.

Vi vay F(-) = 0¢(-) 1a w - don digu déu, trong d6 w(t) = t3. Chu ¥ ring toidn
t F' nay khong don diéu manh.
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Vi du 2.20. Gia st X = LP([0,1]), p > 2, la khong gian Banach gom cédc ham
do dugc xac dinh trén [0, 1], sao cho

1

/|x(s)|pds < +00.

0

Theo dinh nghia,
1 1/p

Il = | [ lato)ras

0

1
o)==, vee X

Xét anh xa f: X — 2¥ duge xac dinh béi cong thiic F(-) := dp(-). Nhan xét

ring F(-) 1a mot anh xa ddi ngiu chuan tic. ta c6
1
[tz + (1 =Dyl < tllz|l” + A = llyll” = Zpe®lle =yl
v6i moi x,y € X vat € [0, 1], trong do

c(t) = t(1 — )P +tP(1 — t).

St dung su kién nay va lap luan trong ching minh ctia Ménh de cua Muc
2.5 trong chuong nay, ta thu dugc

<aj* _y*,ﬁU—y > Z Oé||l'—y||p7

2 .
v6i moi z,y € X, z* € F(x), y* € F(y), trong d6 a = 2o Diéu nay chiing
p

t6 ring F 14 toan ti w - don diéu déu vé6i w(t) = atP~L. Tuy nhién, F' khong la
don dieu manh. That vay, gid st ngudc lai rang ton tai 8 > 0 sao cho

<z' -y r—y>2> Bllz -yl
v6i moi x,y € X, x* € F(z), y* € F(y). Cho z =2y, y # 0 ta c6
<zt =y y>> Byl
voi moi y € X, z* € F(2y), y* € F(y). Theo Ménh dé 2.1 trong [9],

F(z) = {z" € X i< o’ 2 >= |[z|P, [|2"|| = []z|[P~"}.
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Vay ta co
Bllyll* << a® —y*y >=2""1|y[|? — [l = 2*~" = DI[y]|".
Tu day suy ra
B< @ =1yl

Vi bat dang thiic nay khong théa méan véi y € X c6 chuan di nhd nén ta di
dén mau thuan.

Ching minh Dinh ly Gia st ring cac gid thiét a) - d) duge théa
mén. Khi d6, do ¢) va d), ton tai cac hing s6 s > 0, § > 0 sao cho

B(xo,S)CUﬂU/ﬂU//, B()\O,(S)C‘/,

va

B(d(X, No)) < s, VA € B(\o,9). (2.12)
Do cach chon s > 0 va § > 0, ta c6
sup{||z*|| : z* € F(z,u), € B(xg,s), p € W} <, (2.13)

K(\)NB(zo,s) € K(\) + Bd(N,\)Bx., (2.14)

v6i moi N, X € B(\g,d). Thay N = X vao (2.14), ta thdy ring véi méi \ €
B()o,0) ton tai zy € K(A) théa man

[l2x = @ol| < B(d(A; do)) < s.

Do d6 ta c6 K(\) N B(xg,s) # ) v6i moi A € B(\g,d). C6 dinh mot cap

(, A) € W x B(\g,d) va xét bao ham thiic
0 € F(z, 1) + Ny (\)B(a0,s) (T)- (2.15)
Vi K(\) N B(xg, s) 1a tap 16i déng, toan tit nén phap tuyén
T — Ny (\)nB(xo.s) (&) (2.16)

la don diéu cyc dai (xem [13, p. 859]). Do a) nén F'(-, u) cing la don diéu cuc

dai. Do ¢) va do céch chon s, ta c6

B(xg,s) C int (dom F(-, u)).
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Vi mién hitu hiéu clia toan ti (2.16) 1a tap bi chiin va khac rdng K(\) N
B(z,s) nén theo B6 dé anh xa da tri

x> Fz, p) + NK(A)OE(xO,s)('T) (2.17)

14 don diéu cuc dai v6i mién hitu hiéu bi chin. Theo Bé dé ton tai vecto
r = z(u,\) € K(\) N B(zo,s) théa man bao ham thitc (2.15). Vi F(-, u) la
don diéu chat (theo nhan xét , vectd x = z(u, \) 1a x4c dinh duy nhat. Do
2.15), ton tai 2z} \ € F(z(p, A), ) sao cho

<zpan2—z(,A) > > 0, Vz € K(\) N B(xg,s).
Noi riéng ra,
<22 —x(pA) > > 0, (2.18)
Do va do z(p, \) € K(\) N B(xo, s), ton tai zg € K()\g) théa man
[|2(1, A) = 20[| < B(d(A, Ao))-
Do , ton tai xf € F(xo, po) sao cho
<zy,z—x9 > > 0,
v6i moi z € K(\g). Néi riéng ra,
< xy,20 —xo > > 0. (2.19)

Vi F(-, 1) 1a don dieu cyc dai, gia tri ctia né phai la cac tap 16 dong yéu”
trong X* (xem [13, Proposition 32.6]). Nhu vay F'(xg, i), p € M 1a céc tap con
16i déng yéu trong X*. Hon nita do ¢) ta c6 F(zq, 1) # 0. Vi X 1a khong gian

Banach phan xa nén ton tai y; € F(zo, ) théa man

d(zg, F(zo, 1)) = Z*E%ng W |z = 271 = llzo — - (2.20)

Sit dung (2.18) va (2.19), va tinh don dieu cia F(-, i) ta c6

0 << 25— Y T(psA) — 0 >
<< zp A =Y T(,A) — 0 >+ < x,20 — To > + < 2, 5,20 — T(K,A) >

=<z, x2x — o > + <y, x(p, A) =m0 > + < 20,20 — To >
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=< ZzZp o 2A — T0 >+ <y, () — w0 > + < y,,20 —T0 >+
+ < x5 — Yy, 20 — To >
=<z, a2 —T0 >+ <y, 20 — (1, A) >+ < x5 — Yy, 20 — To >

< lzgall - Hlzx = ol + [yl - (i, A) = zoll + [lzg =yl - |20 = zoll.
Do (2.13) ta co

zpall <, Myl <,
(1, A) = zol[ < B(d(X, M), [[2x — 20l < B(d(A, Mo)),
120 — ol < 20 — 2 (p, M| + [[2(p, A) — ol < B(d(A; Ao)) + 5 < 2s.

Vi vay
0 <<z = Y (s A) — w0 >< 29Bd(A, No) + 2sl[zg — v |- (2.21)

Ta khang dinh rang |[z§ — || — 0 khi p — po. Thuc vay, tit ¢) suy ra rang
anh xa da tri F'(z, ) 1a nita lién tuc dusi Hausdorff tai pg. Do d6 v6i méi e > 0

ton tai ¢’ > 0 sao cho
F(xo, o) C F(xo, 1) +€Ba, VY € B(po,0').
Vi x§ € F(zg, po) nén
(x5, F'(zo, b)) < e
Do ta co
|25 —ypll <&, Vu € B(uo,d').

Nhu vay ta da ching minh duge rang ||zg — y;|| — 0 khi g — po.
Chu ¥ rang tit (2.21) ta c6

< 2Zpx— Y T(H,A) =29 >— 0 (2.22)

khi (1, A) = (mo, Ao). Bay gid ching ta sé st dung gia thiét b). Gid st ¢ > 0
cho truée, chon § > 0 sao cho tinh chat duge phat biéu trong b) nghiem ding.
Do , ton tai & > 0 sao cho v6i moi cap (u,\) théoa man d(u, pug) < 0,
d(X, Ng) < 6 ta co

<2 x — Yur T, A) — 29 >< 6.
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Vi (z(p, A), 275 ), (Yhs 20) € graf F(-, 1) nén tit b) ta suy ra rang danh gia
|2 (1, A) — zol| < &

nghiem dang v6i moi cap (u, A\) ma d(p, o) < 6 va d(\, A\g) < 6. Diéu nay cho
thay rang z(uo, \o) = xo va x(u, \) = x¢ khi (g, \) = (po, Ao). Do do6 ton tai
lan can maé W cia Lo, lan can ma V clia \g sao cho W c W, vV C B(Xo,0)
va z(p, A) € B(wo,s) vi moi cap (4, A) € W x V. V6i moi (1, \) € W x V, do

x = x(pu, A) thdéa man 1} va do
NK(A)mE(xo,s)x(% A) = Ngooz(p, A),

ta co

Diéu nay chiing t6 rang x = z(u, A) 1a nghiém ctia bai toan (2.11).
Ta con phai chiing minh ring ham (p, A) —> 2(y, A) lien tuc tren W x V.
Gia stt (1, \) € W x V duge cho tuy ¥. Dat 7 = z (1, \), ta ¢

0€ F(@, 1)+ Ny (@).

Bay gio thay cho bo ba (xg, 10, Ao), ching ta xét bo ba (T, @, \).

Chua y réng cac gid thiét a), b) khong phu thudc vao viéc chon bo ba
(o, o, Ao)- Do ¢) va d) nén ta c6 W va V tuong tng la cac lan can cta i
va A, trong khi U, U’ va U” 1a cac lan can clia Z. Vi vay cac gia thiét a) — d),
& do6 (zo, to, Ao) duge thay thé béi (Z,7, A), vAn c6 hieu Iyc. Khi dé theo két
qué da dugc thiét lap trong phan trude ciia chiing minh nay, ton tai cac 1an can
md W € W va V € V tuong tng clia i vi A sao cho véi mdi (1, A) €V xW
ton tai duy nhat vecto u = u(u, A) théa man , dong thoi u(u, A\) — T khi
u(p, A) = (11, \) va u(fi, \) = T. Véi moi cap (u, A) € M x A, vi c6 nhiéu
nhat mot nghiém nén ta phai c6 u(y, \) = z(u, A) v6i moi (i, \) € W x V. Tinh
lien tuc ctia ham z(u, A) tai (%, A) suy ra tit tinh lién tuc ctia ham wu(y, \) tai
(i, A). Dinh 1y dugc chiing minh. O

Bay gio ching ta chi ra rdng dudi nhiing diéu kieén chit hon cac diéu kién a)
— d), anh xa nghiém z = z(u, \) clia bai toan (2.11)) c6 tinh chat lién tuc kiéu
Lipschitz - Holder, manh hon tinh chat lién tuc néi trong két luan ctia Dinh 1y

2.101
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Dinh 1y 2.21. Gid st rang a) va cic dieu kién sau day dugc théa man:

b’) Ton tailan can U cia xo va hang s6 o > 0 sao cho néu ta cé (v1,3),

(w2, 25) € graf F(-,u) N (U x X*) vdi mot phan ti& yu € M nao dé th
<xh—xl, w0 — 11 > > allry — x| (2.23)

¢’) Ton tai lan can U’ cia xo, lan can W ciia po va hang s6 1 > 0 sao cho
F(x,pu) # 0 vdi moi (x,p) € U x W va

h(F (21, p1), F(z2, p2)) < U([|lz1 — 22| + d(p1, p2)), (2.24)

vdi moi (x1, 1), (T2, u) € U x W, trong do

h(A, B) = max{sup inf |la — b, sup mf lla — b||}
acAb beB acA

ky hiéu khodng cich Hausdorff gitta hai tap hop A, B C X*.
d’) Ton tai lan can U’ cia po, lan cin V cia g va hang so k > 0 sao cho

KN)NU"NK\) +kd(N,\N)Bx, YA\N €V (2.25)

Khi dé ton tai lan can W ciia 1o, lan can V' ciia No, cdc hiing 6 ky, ks > 0 sao
cho vdi moi (u, A) € W x V ton tai duy nhit nghiém © = xz(u,\) € U cia bai
todn théa méan dang thicc x(uo, \o) = To va

(s ') = (i, M| < krd(u', 1) + k2d(N, 2)2,
vdi moi (W, N), (u,\) € W x V.

Chitng minh. Trudc tién ta chi ra rang cac gid thiét a) — d) ctia Dinh Iy
dugc théa man. Hién nhién b’) suy ra b) va d’) suy ra d). Tit ¢’) ta c6 2o €
int (dom F'(-, o)). Vi F(+, o) la don diéu cuc dai nén F(xq, 10) phai la tap bi
chian (xem [13, Proposition 32.33]). Do ¢’) va do tinh bi chan cta tap F(xg, po)
ton tai hiing s6 v > 0 sao cho tinh chét (2.9) nghiem ding. Vi vay chitng minh
cia Dinh 1y 2 m ap dung dugc vao truong hgp dang xét.

Theo Dinh 1y [2.10} ton tai cac lan can W V va duy nhat mot ham lién tuc
x(p, A) xac dinh trén W x V sao cho v6i moi (1, A) € W x V tacoz = x(p, A)

la nghiém cua .
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Gia st s, 6 duge chon nhu trong ching minh ciia Dinh 1y Goi W, 1%
va x = z(p, ) tuong tng la cac lan can va dnh xa nghiém duge xay dung nhu
trong ching minh ciia Dinh 1y [2.10, Lay tity ¥ (', ), (1, A) € W x V. Do

x(pu, \) € K(\) N B(zg,s) C KA)NU”
va do (2.25) nén ton tai z € K()\) sao cho
[12(p, A) = 2[] < kd(A, X). (2.26)

Tuong ti, do z(u, \') € K(N) N B(zo,s) C K(X)NU" va do (2.25) nén ton
tai y € K(A) sao cho
[l2(p, A') =yl < kd(A, X). (2.27)

Vi xz(u, A) (va xz(p, A')) la nghiém bao ham thic
0€ F('PL‘?/’L) +NK(>\)(ZB))

(tuong tng 0 € F'(x, )+ N () (), ton tai y* € F(x(p, A), 1) (2* € F(x(p, A), i)
tuong ing) sao cho
< y*7y —x(,u,)\) > > 07

(2.28)
<z z—z(u,\N)>> 0.

Tir (2.23) va (2.26) - (2.28) ta c6

alle(p, N) = z(p, NP << 2" —y* a(p, N) = z(p, A) >
<<z' =y () —x(p, ) >+ <y y—az(p,A) >+ <25z —ax(p,\N) >
=<z z—x(p,A) >+ <y y—a(p ) >
< [lz"1 - Iz = 2(p, VI + yl[" - [y — 2 (1, )]
< 2vkd(A\, \).
Do do ol
(X = (e, M| < == - AN (2.20)

Tiép theo do z(u, \') (va z(u/, \')) 1a nghiem clia bao ham thic

0 € F(z,p) + Ny (),
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(tuong tng, 0 € F(z,u') + Ngvy(z)), ton tai u* € F(x(p,N),p) (v° €
F(x(u', ), 1) tuong ting) sao cho

<u*,z(u,N)—x(u,\) > > 0,
(1 X) — 21, X) -

< v z(pu, ) —x(,\N) > > 0.

Do (2.24) nen ton tai w* € F(z(y/,\), 1) théa man
™ — W] < ld(p', ). (2.31)

Tu b’) va suy ra

allz(u', X) = 2(u, N)||? << w* —u* a(W, X) — 2 (u,X) >
<<w' —utz(p,N) —x(p, N) >+ <uF (W, N) —x(p,N) >+
+ < v z(p, N) —z(y/, N) >

=<w* —v (W, \) —x(p,\) >

< [Jw* =" [lz(p', A) — 2, NI
Do do sit dung ta co

allz(u', N') = a(u, NI < (W', w). (2.32)

Két hgp v6i ta co

[l (', A) = 2, DI < Ml (', X) = (s M) [ (, AT) = 2, A

l Ik 1/2
d(p', ) + {% (A’,A)] :

< =
e
v 1 2,Yk 1/2 7z z N e rd ~ - S PN
bat k1 = —, ko = | — , ta c6 cac hang s6 thoa méan tinh chat lién tuc
o Q
kiéu Lipschitz- Holder néi trong két luan ciia dinh 1y. O

2.4. Cac truong hop dac biét

Trong muc nay, chiing ta nghién citu bai toan (2.5) cho truong hgp F(z, u) =
{f(z,p)}, trong d6 f : X x M — X* 1la mot anh xa da tri. Gid st (zg, po, Ao) €
X x M x A théa man

0 € f(zo, o) + N (x) (Z0)-
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Két qua sau day dugc suy tir Dinh ly
Dinh ly 2.22. Gid s rdng d) va cdc dieu kién sau day dugc théa man:
by) Véimoipe M, f(-,1) la toan ti don diéu va hé-mi lién tuc.

ba) Ton tai lan can U cia xg sao cho vdi moi e > 0, ton tai § > 0 vdi tinh

chdt: néu x1,x9 €U, p € M va ||z — z1|| > € th
< (xo,p) — f(z1,p), 22 —x1 > > 0.

bz) Ton tailan can U’ cia xg, lan can W ciia po va hang s6 v > 0 sao cho

sup {[|f(z, p)|[ 1z €U, pe W} <v
va, vdi moi x € U, f(x,-) la lien tuc tréen W.

Khi dé ton tai lan can W ciia Lo, ldn can V ctia \o sao cho vdi moi (1, ) €
W x V ton tai duy nhét nghiem x = x(p, A) € U ciia bt ding thiic bién phan
c6 tham sé sau

0¢€ f(z, 1) + Ngpy(z). (2.33)

Hon nta, x(po, No) = xo va ham (u, A) — x(p, A) la lién tuc trén W xV.

()%

Chiing minh. Dé chiing minh, ta chi can dé y rang b;) kéo theo a) (xem B6 d
va Bo de va ap dung Dinh 1y [2.10

|

Dinh ly 2.23. Gid s rang d) va cdc dieu kién sau day dugc théa man:

') Ton tai lan can U cia xq, lan can W clia g sao cho f lién tuc trén

UxW.
5) Anh za f(,p) la don dieu chat vdi moi p € W, va

< fly,p) — fzyp),y—x>— 0 khiy—x déu theo u € W.

Khi dé ton tai lan can W cia Lo, ldn can V ctia \o sao cho vdi moi (1, A\) €
W x V ton tai duy nhét nghiem x = x(p, A) € U ctia bat ding thiic bién phan
c6 tham sé sau

0 € fla,1) + Nicoy (@). (2.34)

Hon nia, x(po, No) = xo va ham (p, \) — x(p, A) la lién tuc trén WxV.
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Két qua sau day dugc suy tryc tiép tit Dinh ly
Dinh ly 2.24. Gid s rang by), d’) va cic dieu kién sau day dugc théa man:

by) Ton tai lan cin U cia xo va hang s6 o > 0 sao cho vdi moi (x1, ),

(xa, 1) € U x M ta co
< [, p) = f(x1, 1), 22 — 21 > > al|zg — 2]
by) Ton tai lan can U’ cia xo, lan can W cia pg va hang s6 1 > 0 sao cho

[ (21, 1) = fwa, p2)|| < U(|[er — z2f| + d(p1, p2)),
vdi moi (x1, 1), (T2, pu2) € U x W.

Khi d6 ton tai lan can W ciia Lo, lan can V. ciia Ny va cdc hing $6 ki, ks > 0
sao cho vdi méi (u,\) € W x V ton tai duy nhét nghiem z = x(u,\) € U ciia
bat todn . Hon nta, x(up, \o) = xo va

(i, X) = @, V| < kad(i, ) + kad (!, )2,

— ~

vdi moi (i, N), (u,A) € W x V.

2.5. Mot vai iing dung
Trong muc nay, ching ta sé 4p dung cac két qua da thu duge trong Muc 2.3
dé nghién citu do nhay nghiém clia cac bai toan quy hoach 16i ¢6 tham sb.
Dinh nghia 2.25. Ham ¢ : X — RU {400} dugc goi 1a 16i manh néu ton tai
héng s6 p > 0 sao cho
ptrr + (1= t)az) < to(r1) + (1 = t)p(w2) — pt(l —t)[|z1 — 22|,
v6i moi t € [0,1] vi 21,22 € X.

Gitta tinh 16i manh va tinh don diéu manh ctia anh xa duéi vi phan c6 mot
mdi quan hé chiit ché. Diéu d6 duge thé hién trong meénh dé dusi day.
Meénh dé 2.26. Néu (-) la 67 manh thi ton tai hing s6 o > 0 sao cho vdi
moi x1,x9 € X, x5 € 0p(x1), x5 € 0p(x2), ta co

*

<axh—xl, e — 1 > > allry — x| (2.35)
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Chiing minh. V6i moi x,y € X vat € (0,1), ta ¢
oz +t(y — ) — (x) < t(p(y) — p(x)) = pt(L = 1)|ly — =[*.
Do dé6 véi moi z* € dp(x) thi
t<azy—z>< tp(y) —p(2) - pt(l — 1)y — =%,

hay

<aty—a>< (p(y) - e@) - p(l =ty — 2|, (2.36)
voi moi x,y € X va 2* € dp(x). Gia st rang x1, 22 € X, 27 € dp(x1), =5 €
dp(z2).

Tu ta co

< xj,Tro —x1 >

IN

p(x2) — p(x1) — p(1 — t)|Jag — 1|,

<ay,w1— a9 > < p(ar) — () — p(1 = )[|ar — o °.
Cong cac bat déng thic nay theo ting vé, ta duge
<y —af, w9 — w1 > > 2p(1 —t)||ze — 11|)?.
Cho t — 0 va dit = 2p, ta c6 (2.35). Menh dé dwoc chiing minh. O

Cha ¥y rang néu ham ¢(-) khong duge gia thiét 1a kha vi Frechet tréen X thi
anh xa © — Jdp(z) néi chung khong phai 1a dnh xa don tri.

Bay gio ta c6 thé phat bieu hai két qua vé do nhay nghiém ciia cac bai toan
quy hoach 161 v6i ham muc tiéu 16i manh. Gid st ¢ : X x M — RU {+o0} la
ham thyc sao cho v6i moi u € M, (-, ) 1a mot ham 16i. Ky higu dp(-, u) duge
diing dé chi duéi vi phan ctia ham ¢(-, 1). Xét bai toan

o(z,u) = min, véi z € K(N), (2.37)

trong d6 (u, \) € M x A la caip tham sb. Gia sit o 1a nghiem cta (2.37) véi
(i, A) = (po, o) € M x A 1a cip tham s6 cho trude.

Dinh ly 2.27. Gid st rang d) va cic dieu kién sau day dugc théa man:

c1) Vi moip € M, ham ¢(-, ) la nia lien tuc dudi trén X .
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ca) Ton tai lan can U cia xo sao cho vdi moi e > 0, ton tai § > 0 vdi tinh
chat: Néu x5 € Opp(x1, 1), x5 € Opp(x2, 1) 6 dé w1,00 € U, p € M wa
||$2 —.I'1|| > ¢ thi

<xy—x],r9 —x1 > > 0.

c3) Ton tai lan cin U’ cla xq, lan can W ctia pg va hang so6 v > 0 sao cho
Orp(x, ) # 0 vdi moi (x,u) € U' x W,

sup{||z*|| : 2" € Opp(z, pn),z € U, p € W} <4,

va vdi moi x € U, dnh za da tri Oyp(x,-) la nida lien tuc dudi theo nghia

Hausdorff tai moi diém u € W.

Khi d6 ton tai lan can W ciia po, lan can V. ciia Ao sao cho vdi moi (1, N\) €
W x V ton tai duy nhat nghiem v = x(u,\) € U ciia bai todn toi wu (2.37).
Ngoai ra, x(ug, Ao) = o va ham (g, \) — z(p, A) la lién tuc trén W x V.

Chitng minh. Chi can luu § ring z 1a nghiem ctia (2.37) khi va chi khi = 1a
nghiém ciia bat dang thic bién phan sau day

0 € Oz(x, 1) + Ng(n) ().

bat F(z,pu) = 0rp(x,p). V6i moi p € M, F(-, ) 1a toan tit don diéu cyc
dai (xem [13, Proposition 32.17]). Do d6 ta c6 thé ap dung Dinh ly dé thu

duge két luan mong muodn. O
Dinh ly 2.28. Gid st d’) va cdc dieu kién sau dugc théa man:

c2) Ton tailan cin U clia xo va hdng s6 o > 0 sao cho: Néu x§ € 0, (z1, ),

x5 € Op(wa, 1), d dé u € M va x1,x9 € U thi

<xh— ], ;0 —x1 > > |z —a:1|\2.

c3) Ton tai lan can U’ cia xq, lan can W ctia po va hang s6 1 > 0 sao cho

vdi moi (x,p) € U x W, (-, 1) ¢6 dao ham Frechet ol (x,pn), va

|l (@1, p1) — oy (2, p2) || < U(|[w1 — 22| + d(pe, p2))

vdi moi (x1, 1), (T2, pu2) € U' X W.
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Khi dé ton tai lan can W ctia Lo, lan can V ciia Ao, va hing s6 ki, ks > 0 sao
cho vdi moi (u, \) € W x V ton tai duy nhit nghiem x = z(u, \) € U ciia bai
toan . Hon nta, x(up, \o) = xo va

||:C(/J’/) /\/> - ZC(/,L, )‘)H < kld(:u/) /JJ) + k2d(/\/7 A)1/27
vdi moi (W, N), (u,\) € W x V.

Ching minh. Dinh 1y nay dugc suy ra tu Dinh ly bang cach tuong tir nhu

Dinh 1y [2.27|suy tit Dinh ly O

2.6. Két luan

Trong chuong nay, ching ta da st dung mot s6 két qua ctia 1y thuyét toan ti
don diéu cuc dai dé thiét lap cac diéu kien du cho tinh lién tuc kiéu Lipschitz-
Holder theo nhidu nghiém ctia bat ding thic bién phan suy rong phu thuodc

tham s6 trong khong gian Banach phan xa.
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Chuong 3

Tinh lién tuc Holder cua
nghiém bai toan bién phan

phu thuéc tham sb

Gia st p > 1, m,n > 1. Chuan trong R" dugc ky hiéu béi | - |. Gia sit
L,(]a,b],R™) la khong gian cac ham do dugc theo nghia Lebesgue, xac dinh

tren [a, b] va thda man diéu kién

b
/ |z (t)[Pdt < +oo.

Theo dinh nghia chuan trong khong gian L,([a, b], R™) dudc cho béi
b 1/p
Izl = ( / |x<t>pdt) .

Whr(la b R") = (o € Ly([a. Bl R") s & € Ly([a, b R")}

Gid sit

la khong gian Sobolev clia cac ham z ¢6 dao ham (theo nghia phan bd) thuoc
L,([a,b],R™). Chuan trong khong gian WP dugc cho béi cong thiic

. 1/p
2, = (2l + 12]5)
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V6i méi cap (6,) € Ly([a,b],R") x R2", & d6 A = (A1, A2) € R” x R", ta

xét bal toan sau

(Tim « = z(0,\) € WP ([a,b],R"™) sao cho

b
PO,N  J0) = / L(t, 2(t), (1), 0(t))dt — inf (3.1)

| z(a) = A1, z(b) = Ao,

trong d6 L : RxR" xR xR™ — R 1a ham thyc. Nhu vay P(6, \) 1a bai toan bién
phan co s6 phu thuoc tham sb. O day 0 € L,(la,b],R™) va XA = (A1, A2) € R*xR”
1a cac tham s6 ciia bai toan.

Gia sit ring T = #(0, \) 14 nghiem ctia P(0, ). Duéi nhitng diéu kién nhat
dinh, P(#,)\) c6 duy nhat nghiem z = z(6,\). Muc dich ctia ching ta trong
chuong nay la khéo sat cac tinh chat lien tuc kiéu Lipschitz-Holder ciia ham
z(0,)\) khi cap (0, \) thay ddi trong mot lan can cta (6, )).

3.1. Tinh lién tuc Holder ctia nghiém cta P(0, \)

Tru6e tién, ching ta dua ra cac gid thuyét sau:

Hy) V6i hau khip t € [a,b], ham L(t,-,-,-) : R" x R” x R™ — R lién tuc va
v6i moi x,y € Ly([a,b],R"), z € Ly([a,b],R™), ham

t s L(t (1), y(0), 2(1))
14 khé tong tren [a, b).
Hs) Véi hau khap t € [a, b], ham

L(t,-,-) :R" xR* x R™ - R

(u, v, w) — L(t, u, v, w)

c6 cac dao ham riéng L, (t,u,v,w) va L,(t,u,v,w) lién tuc Holder bac

p — 1, nghia 13 ton tai hing s6 [ > 0 sao cho

[Lu(t,u,0,w) = Lyt u', 0", w) < U(ju— o/ P77 + o =o' P+ fw — /P71,

Lot u,v,w) = Ly(t,u', v, w')| < 1w — /P70 + o =o' P+ o — /P71
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v6i moi u, v, v, v’ € R va w,w’ € R™. Hon thé nita, ton tai cac ham 7,
y € L,([a,b],R™) va zZ € L,([a,b],R™) sao cho cac ham

Bt) = |Lu(t,z(t),y(t), ()], () = [Lo(t,2(1), y(?), 2(2))],
2 2 ]- 1
thuoc L,([a,b],R). O day ¢ > 0 1a sb thuc théa man — + - = 1.
P q
H3) Véihaukhap t € [a,b], va v6i moi w € R™, ham L(¢,-,-,w) : R" xR™ — R
13 161 manh bac p déu theo w € R™, nghia 13 ton tai hing s6 p > 0 sao

cho
L(t,su+ (1 —s)u',sv+ (1 —s)v',w) <

< sL(t,u,v,w) + (1 — s)L(t, v, v, w) — ps(1 — s)(Ju — u'|P + |[v — V' |P),
v6i moi (u,u), (v,v") € R x R, s € [0,1] vi w € R™.

Dinh 1y 3.1. Gid si rdng cdc gid thiét Hy) - Hs) dugc théa man. Khi dé ton
tai cdc hang s6 lo > 0, I > 0, cdc lan cin U va W tuong dng ctia T va 6, va
lan can V ciia X sao cho vdi moi (0,\) € W x V, bai todn P(6,\) c6 nghiém
duy nhat x(0,\) € U. Ngoai ra, (0, \) = T va ham (0,\) — x(0,)\) lién tuc
tren W x V. Hon nia,

12(6,A) = 2(0", X)||1p < Lll0 = 0|l + Lo|A = N[*7, (3.2)
vdi moi 0, 0/ €¢ W va \,\ € V.

B6 dé 3.2. Cho aq,as, ..., an,b1,ba, ...,by la cdc sé thuc. Khi dé ta cé cic bit
ddang thic sau:

n n /p s pn 1/q )
i) Zaibi§<2af) (Zbg) ,néua; >0, b; >0 vdi moii=1,n va
i=1 =1

=1
1 1
p,q > 0 théa man ~ + = = 1.
p q
it) (Z%’) Z Z,néuai>0, U‘fimoiizl,_nvdre[o,l]_
i=1 =
iii)  (u+v)P < 207 1(uP + oP), véi moi u,v >0 vap > 1.

1/q

0y /|x t)|dt < /|:1: )|Pdt /|y(t)|th , vdi moi ham do dugc

1
x(+) va y(-) zdc dinh trén |a,b], trong dé p,q >0 va — + — = 1.
P q
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Ta dat X = WP([a,b],R™), M = L,([a,b],R") va A = R™ x R™. V6i moi
A= (A1, \2) €A, ta dit

K\ ={ze X :x(a) =M\, x(b) = X2} (3.3)
Khi d6 (3.1) tré thanh bai toan quy hoach 16i sau day:

b
J(z,0) = /L(t,x(t),gb(t),@(t))dt — inf

P(6,\) (3.4)

x e K(N).

3.2. Cac két qua bo tro

Trong muc nay chung ta sé thiét lap cac két qua bo trg dé chuan bi cho
chiing minh Dinh Iy

Ménh dé sau day cho ching ta thiy ring anh xa K(-) 1a lién tuc kiéu Lips-
chitz.

Meénh dé 3.3. Anh za da tri K : A — 2% zdc dinh bdi (3.3) c6 gid tri loi,

déng, khdc rong va ton tai hang s6 k > 0 sao cho

K(\) € KO+ kA — XN|Bx (3.5)
vdi moi A\, N € A, trong dé A — XN| = |\1 — N| + | A2 — Ay|.

Chitng minh. V6 moi A = (A1, A2) € A, tinh 16i ctia K()\) 13 hién nhién. Vi
chuan [|z||;, tuong duong véi chudn |||} ) = (||&|[5 + |z(a)|P + |x(b)])'/? (xem
[13, p. 1033]), nén dé thay K()) la tap con 16i dong. Ta chi con phéi ching t6
K(-) 1a lién tuc Lipschitz.

Lay tuy ¥ A = (A, X2) € A, X = (N, M\) € A vz € K()). Ta dat

xl(t)zx(t)—)\1+)\'1, LL’Q(t) :x(t)—)\2+)\'2.

Khi d6 z1(a) = N, z2(b) = N,. Gid st u : [a,b] — [0,1] 1& ham thyc xac
b—t
dinh béi cong thic p(t) = Pt Khi d6 p(a) =1, u(b) = 0 va |u(t)| < 1 véi
—a
moi ¢ € [a, b]. Dat

y(t) = p()zi(t) + (1 = u(t))w2(t),
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ta c6 y(a) = A1, y(b) = A3. Vay y € K(X'). Vi

y(t) — 2(t) = p(t) (A2 — M+ AL = Ag) + A5 — A (3.6)

ly(t) —x(t)] < |p)|(JA2 — A5 + [A1 — AL]) + [A2 — A5
< 2(]A2 = Ag| 4 [A1 = AL]),

v6i moi ¢t € [a, b]. Do dé,

b
Iy =l <20 [(x = X1+ P = X Pt

a

< 2°(b — a)(|A = Ap| + A2 — A3))”. (3.7)

Tit ta co

: : 1
§(1) = (1) = —— (= M + ) = X)),

v6i hau khip t € [a, b]. VI vay

b—a
la —bJP

Két hop \E) ta co

Hy—ﬂ@+uy—ﬂ@s<ﬂw—aw+

19— 2[l; < (1A = Aif+ A2 = A5])". (3-8)

b—a
la —bJP

)UM—AH+Mm—&Wﬂ

b—a 1/p
bat k = <2P(b—a)+ |a—b|P) , ta co

ly = 2llip < kA=,

Tit day suy ra réing tinh chit (3.5) nghiem ding. D6 la diéu phai ching
minh. O

V6i moi 0 € M, ta ky hieu J,(z,0) 1a dao ham Frechet ctia ham s6 J(-,0)
tai z. Bay gio ta thiét 1ap mot tinh chat lien tuc Holder cta J,(z,0) theo (z,0).
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Meénh dé 3.4. Gid st rang cdc gid thiét Hy) va Hy) dugc théa man. Khi dé,
vdi moi 0 € M, phiém ham J(-,0) la khd vi Frechet theo x, ton tai hing so
k1 > 0 sao cho

o (21, 01) — o (2, 02)]] < ki (JJar — 2ol |77 + 1161 — 02][2/9), (3.9)
vdi moi (x;,0;) € X x M, i=1,2.

Chitng minh. C6 dinh 6 € M va xét phiém ham J(-,0). V6i mdéi § € M, ham
J(-,0) kh& vi Frechet tai #. Thuc vay, gid st f(&,6) 1a phiém ham tuyén tinh
xac dinh béi cong thitc

f(@,0)h = / (Lo(6)h(t) + Lo (t)h(t))dt,

v6i moi h € X, trong do
Ly (t) = Ly (t, 2(8), 2(1),0(1)),  Lo(t) = (t,8(t), 2(¢), 0(t)).
Do Hs) ta c6

Lu()] < |Lut, 2(1), §(1), 2()+
() =@+ @) = GO+ (80 = 2P

v6i hau khap ¢ € [a,b]. V1 B(:) € Ly([a,b],R) v& v(:) € Ly([a,b],R), ta suy ra

Lu(t), Ly(t) thuoc Ly([a,b],R™). Tit cac bat ding thitc i), iv) trong Bd dé (3.2

suy ra rang

b
(@,0)h] < / L (6)h(t) + Lo(8)i(t)|dt
b

< /(|ﬁu(t)q| + Lo @)1V (R@)P + [A()P)Pdt

a
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b /g , 1/p
< ( / (ILu(0)7] + |ﬁv<t>q|dt>> ( / (In()P + |h<t>P>dt)

a a

< allhflLp,

b 1/‘1
o= ( / (L ()] +|LL<t>Q|>dt> |

a

trong do

Diéu nay ching té rang f(Z,60) 1a phiém ham tuyén tinh lién tuc tréen X.
Chung ta co
J(&+ h,0)—J(z,0) — f(z,0)h = o(h), (3.10)

trong d6 o(h) 1a vo cing bé bac cao hon ||h||. Thuc vay,

b
J(i+ h,0) — J(2.0) — f(x@h:/ L(t, #(8) + h(t), 3(t) + h(t), 0(£))—

— L(t,3(8), 4(),0(1) — Lu(O)h(t) — Lu(®)h(t) } dt.
St dung dinh 1y gia tri trung binh va gia thiét H,), ta c6

|L(t, 2(t) + h(t), 2(t) + h(t),6(t)) — L(t,&(t), &(1), (1)) — Lu(&)h(t) — Ly (t) ()]

< sup {|Lu(t (1) + ph(t), 2(t) + ph(t),6(t)) — La (0] (t)]+

- Lo(t,@(t) + ph(t), &(2) + puh(1), 0(1)) = Lo (D)h(1)]}

< il[lopl]{l(mh(t)Ip_1 O (IOIRRIIGHY

<UPOP 4+ [R@)PH(RO] + (). (3.11)
Mait khac, theo B6 dé|3.2| (i) ta c6

(R@) P+ [ROP ) ()] + A(E)])

LR+ [A@)P) + UROP~HA@)] + (AP~ A)])

RO + RO P) + RO + (@) P) P (R0 P09+ [A(t)| =)
IR + [A@)IP) + LRGP + (1))

= 20(|h(t)|” + [A(t)[?). (3.12)

IN
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Két hop (3.11)), ta dugce
|L(t, 2(t) + h(t), (1) + h(t),0(t)) — L(t, &(t), 2(2), (1)) — Lu(t)h(t) — Lo () ()]
< 2A(Jh(E)P + [h(t)P).

Do d6 ta co
|J(& + h,0) — J(2,0) — f(z,0)h] < 21||A]]} .

Vi p > 1 nén tit bat ding thic d6 ta suy ra (3.10). Ta chi con phéi chi ra
riing (3.9) nghiem ding. Liy tuy ¥ (x1,601) € X x M va (22,62) € X x M. Ap
dung Bo dé |3.2| va st dung gid thiét Hs), ta co

| Jo (21, 01)h — Jo (w2, 02)h| = | f(21,01)h — f(x2,02)h|

b
= /[Lu(ta Iy, il? el)h - Lv(ta T2, "t27 62)h + Lv(ta Iy, il) el)h - Lv(ta T2, j327 92)h]dt

b
S /|Lu(t,$1,j71,61) - Lu(t7$27i2792)||h|dt+

a

b
+ / |Lo(t, 21, d1,01) — Ly(t, w2, &2, 02)|[h|dt

b
= /l(|$1 — 2P 4 & — da P 4 |01 — 62" 1) ||+

b
—f—/l(lﬂfl — $2|p—1 + ‘1171 — .j72|p_1 + |91 — 92|p_1)|il|dt

a

b
/l(|56’1 — 22?7+ [dy — da P+ 101 — 02" (|h] + |R|)dt
b

/{qul — 2P ) (|h] + [R]) 4 Udy — 22?7 (B + |A]) +
4 1161 — Ga]P ) (|B] + h)} dt

b
= l/ (lza = wo| P70 4 [y — | P07 4 (01 — 0| P7 V) V9(3 (] + [R])7)

So hoa bdi Trung tam Hoc lieu — BPHTN http://www.Irc.tnu.edu.vn/



44

(Theo B8 d&[3.2]1))

b
Sl/p/ |21 — @a|P + |&1 — d2fP + |01 — 02|P)/U(|h] + |R|)dt

a
b 1/q b 1/p

< 131/ |:c1 — x2|P + &1 — D2|P + |61 — O2|P)dt /(|h| + |h|)Pdt

a

(Theo Bb dé iv))

b 1/p b 1/q
< [3l/p /(|x1 — xo|P 4 |y — do|P)dt + /|91 — 0>|Pdt X
b 1/p
x /(|h| +|h)Pdt | (Theo B6 dé[3.2]ii))
b 1/p

= 13YP(|fer — 2l P17+ (10 — 0u]12/) / (In] + [yt
b 1/p

< 131221 1P(||y — 219 4 (101 — 0a]2/) /(|h|+|h|>pdt

a

(Theo Bé dé [3.2]iii)
= k1(||z1

(841161 — G| 2B,

trong d6 k = [31/P21=1/P_ Nhu vay ching ta da ching minh duge ring

[ Jo(@1,00)h — T (w2, 02)h] < Ky ||z — 22| [} + (101 — 0ol F5DI] |1,
v6i moi h € X. Tit day suy ra (3.9). Ménh dé dugc chting minh. O

Meénh dé 3.5. Dudi cdc gid thiét Hy), Hy), H3) ton tai hdng s6 a > 0 sao cho
< Jo(21,0) = Jo(22,0), 21 — 22 > > af|lz1 — 227, (3.13)
vot mot x1,x0 € X, 0 € M.

Chatng minh. V6i mdi 0 € M c¢b dinh, tit H3) suy ra rang phiém ham J(z,6) 1a

16i manh bac p. Cu thé 14, ching ta c6

J(sx1+(1—s)xe,0) < sJ(:Ul,9)—1—(1—3)J(a:2,9)—ps(1—s)||x1—a:2||11)/p (3.14)
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véi moi x1, 19 € X, s € (0,1], trong d6 p > 0 la hang s6 cho bdi Hs).

T suy ra rang

1
E(J(xg +s(w1 — x2),0) — J(w2,0) < J(21,0) — J(22,0) — p(1 = 8)||w1 — 2|7 -
(3.15)

Theo Meénh dé J(x,0) 1a kha vi Frechet tai 5. Vi vay cho s — 0, tit

ta thu dugc
J(x2,0) (1 — 22) < J(21,0) — J(22,0) — pllT1 — a:2||11),p. (3.16)
Thay doi vai tro ciia 21 va z2 va lap luan tuong tu nhu trén, ta thu dugc
Je(x1,0) (20 — 1) < J(22,0) — J(21,0) — pl|2e — a:lHIf,p. (3.17)
Cong cac bt ding thitc (3.16) va vé v6i vé ta thu dugdc
< Jo(w1,0) — Jo(22,0), 21 — 12 > > 2p[|lz1 — 22|[7,

Dit o = 2p, ta c6 (3.13). Ménh dé da dugc chitng minh. O

3.3. Chitng minh Dinh ly 3.1

V6i mdi cap (0,\) € M x A c¢6 dinh, xét bai toan P(6,)\). Theo Menh dé
K ()) la tap con 16i dong trong X. Do Hj), ton tai hdng s6 p > 0 sao cho
duge thoa man. Néi rieng ra, J(-,0) 1la mot ham 16i. Do d6 z = z(0, \) 1a
nghiem ctia khi va chi khi n6 théa man bao ham thic

0 € Jo(x,0) + Nioxy (). (3.18)

Dit f(x,0) = J.(x,0), ta thay ring = = z(f, ) la nghiém ciia (3.18) khi va

chi khi n6 la nghiém ctia bao ham thiic

Theo Ménh dé [3.4] va Meénh dé ton tai cdc hiang s6 k1 > 0, @ > 0 sao

cho

[1£(21,61) = F (w2, 02)|| < kr([ar — sl [ + 1161 — 02]12/), (3.20)

So hoa bdi Trung tam Hoc lieu — PHTN http://www.Irc.tnu.edu.vn/



46

< f(21,0) = f(22,0), 010 — w2 > > af|wy — x|}, (3.21)

vOi moi w1, z9 € X va 01,60,,0 € M. Vi vay, cac diéu kién a), b), ¢) trong Dinh
Iy duge théa méan. Mit khéic, theo Ménh dé (+) 1a lién tuc Lipschitz
va do d6 lien tuc Aubin tai (X, 7). Do d6 diéu kieén d) trong Dinh 1y cling
duge théa man. Theo Dinh ly ton tai cac lan can U,V va W tuong tng
clia T, A v& 0 sao cho v6i moi (A, \) € W x V, bai toan (3.19) c6 nghiém duy
nhat z = z(6, \). Bén canh d6, 2(A, \) = T va ham (0, \) — x(6, \) 1a lién tuc
tren W x V. Nhu vay bai toan (3.4) c6 nghiem duy nhit = = 2(6,\) va ham
x = x(0,\) 1a lién tuc tréen W x V.

Dé nhan dugc (3.2) ching ta st dung luge do chiing minh ctia Dinh 1y
v6i mot s6 thay ddi can thiét. Lay tuy v (6,)), (6, N) € W x V. Vi z(0,)\) €
K(\)NU, do tinh chat Lipschitz cia K(-) ta tim dugc z € K()\) sao cho

(6, \) — 211 < Fa]A— . (3.22)
Tuong ty, ton tai y € K(\) sao cho

|2(0,\') = yll1p < KaA = N. (3.23)
Vi z(0, \), (0, ') tuong tng 1a nghiém ctia cac bao ham thtc

0 € f(x,0) + Ni(x(2)

va
0€ f(z,0) + Nrovy(z)
nén
< f(x(0,1),0),y —x(0,\) >> 0 (3.24)
va,
< f(z(6,\),0),z —x(0,\) > > 0. (3.25)

T (3.21), (3.24) va (3.25) ta co

allz(f,\) — x(6, )\’)||1177p << f(x(0,)),0) — f(x(0,\),0),2(0,\) —z(0,\) >
<< f(x(0,)),0) — f(x(0,\),0),2(0,\) —z(0,\) > +
< f(x(0,1),0),y —x(0,\) >+ < f(x(0,\),0),z —x(0,\) >
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=< f(x(0,X),0),y —x(0,N) >+ < f(z(0,)\),0),z2 —x(0,\) >
< |10, 2), 0l ly — (0, X)l1p + £ (z(0,X),0)lll2 — (0, N l|l1,p- (3.26)

T tinh lién tuc cia f(-, ) (xem (3.20)) suy ra f(-,-) bi chén trén mot lan
can ciia (7, 0). Khong mat tinh tong quat, ta cé thé gia sit f(-,-) bi chan trén

mot 1an can U x W. Diéu nay c6 nghia Ia ton tai hing s6 n > 0 sao cho
sup{|| f(z,0)[| : z € U,0 € W} <.

Do d6 tir (3.26) ta c6
allz(0,A) = 2(0, N7, < nlly — 2(0, A) || + nllz — (0, M)].
Két hop didu nay véi (3.22) va (3.23), ta dugc

alz(0,A) = z(0, M), < 2nka|A = N

2 k‘ 1/p
Datloz(n1> ta co
«

|2(8,A) — (0, \)|l1p < lo|A — N (3.27)

Bay gio ta tiép tuc st dung ky thuat trén mot lan nita. Vi z(0, \'), z(6", \)

tuong ng la nghiém cua cac bao ham thtc

0 € f(z,0) + Ngx(2)

va
0€ f(x,0) + Nrvy(z)
nén
< f(z(0, )\'),9),1'(9', )\’) — (6, )\’) > >0 (3.28)
va,
< F(@(0,N),0), (0, \) — 2(8',N) > > 0. (3.29)
Do nén
1f (20, X),0) — f(x(O,X),0)]| < k1l6 — 6|59 (3.30)

Két hop (3.21), (3.28) - (3.30) ta dugc

allz(0, N) — 20, N)|[f , << f(x(0,X),0) — f(x(0,X),0),2(0,\) —x(0',\) >
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<< f(x(8,X),0) — f(x(6',N),0),2(6,N) —x(8',X) > +

+ < f(@(0,X),0),2(0', ) —2(0,\) > + < f(x(0/,N),0),2(0,N) — (0, \) >
=< f(z(0',N),0') — f(x(0',X),0),2(0,N) — x(6',\) >
< [ f(2(0,X),07) = fz(0", N), O)l[[|2(6, A) — (0", )
< kil = 015/ )lw(8,N) — (6", \) |

1,p

P

Nhu vay
allz(0, X) = 2(0', X)I[F," < kall0 = 0[5/

Do do

/ ARV, k1 et p/a(p—1) !
l2(8, A') = 2", M)l < | — 10— 0[] = L[| =0, (3.31)

1/p—1
trong do6 1; = (—1> . Cubi cling, bang viéc két hgp (3.27) vdi (3.31) ching
a

ta co

(6", ') = (0, Mll1p < [J2(0", ') = 2(0, N)ll1p + |2(6, X) — (6, M[|1p
< 1|6 — 'l + LollA — N[

Dinh Iy dugce ching minh. [

Vi du 3.6. Gia sit riing X = W12([0,1],R), M = L»([0,1],R) va A = R x R.
Xét bai toan

/ 24 26%0(t) (x(t) + £(t)))dt — inf
P(6,)) g 0

L 2(0) = A1, z(1) = Ao
Ta khang dinh céc diéu kién H;) - H3) dudc théa man. Thyc vay, vi
L(t,u,v,w) = u* + v* 4+ 2t3w(u + v),

ta thay ngay H;) dudc nghiém ding. Mat khac, tit L, (¢, u,v,w) = 2u + 23w

va Ly (t, u,v,w) = 2v + 2t3w suy ra rang

| Lo (t,u,v,w) — Ly (8w, 0" w')| < 2(lu —u'| + v — | + |w — '),
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| Lo (t, u,0,w) = Ly(t, o', 0", w')] < 2(Ju — o[ + Jo = 0| + [w — w]),

véi moi t € [0,1]. RO rang rang Hs) théa man néu ta chon x(t) = 0, y(¢t) = 0,
Z(t) = 0. Ta con phai kiém ching H3). Chu ¥ rang, véi moi a,b € R va s € [0, 1]
ta c6 cong thic
(sa 4 (1 — 5)b)? = sa® + (1 — s)b* — 5(1 — s)(a — b)*.
Do d6

L(t,su+ (1 —s)u',sv+ (1 — s)v',w) = (su+ (1 — s)u')? + (sv+ (1 — s)v')*+
4 283w (su + (1 — s)u’ + sv + (1 — 5)v)

su® + (1 —s)u? —s(1 —s)(u —u')? + sv* + (1 — s)v? — s(1 — 5)(v —v')*+
+ 2t3w(su + sv + (1 — s) (v +2))

= s(u? +v? + 2858w (u +v)) + (1 — 8)(u? + 02 + 28w (u + "))~
—5(1—8)[(u—u")?*+ (v—2")7

= sL(t,u,v,w) + (1 — 8)L(t,u', v, w') — s(1 — s)[(u—u')? + (v —0)?].

Vay Hs) nghiem ding. Bay gio ta dat 0(t) =0, X = (0, e— %) Khi dé ta

(

J(x,0) = /(:ﬁ(t) + &(t)%)dt — inf

1

\x(O) =X, z(l)=e— -

Néu P(,)) c6 nghiem # € C'([0,1],R) thi nghiém nay phai théa man

phuong trinh Euler
d
— L, L, (t
S L(1) = Lu(t)

hay 2i = 2. Bing tinh todn don gidn, ta c6 thé ching té ring #(t) = e* — e~ !
14 nghiém ctia phuong trinh Euler. Bay gio ta chi ra ring # 1a nghiém cua
P(6,)) trong W2(]0,1],R). Lay tuy ¥ x € WH2([0,1],R) va diit h =z — 3 ta
c6 h(0) =h(l) =0vax =h+ 2. Do dé

1
J(x,0) = J(&+ h,0) = / T+ h)?)dt
0
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1
(22 + 22)dt + [ (h* + h?) dt+2/hx+hx
0

O\H

v

1
(2% + 22) dt+2/hx+h:p
0

St dung cong thitc tich phan ting phan va dang thic & = £, ta c6

1 1
/(@2+x dt+2/ (hi + ha)d
0 0

—2 / (hi)dt

Do d6 J(z,0) > J(&,0) véi moi x € W12([0,1],R). Vay 2 1a nghiem tbi
wu toan cuc ctia P(A, \). Theo Dinh Iy ton tai hang s6 lp > 0, I; > 0, cac
lan can U va W tuong tng ctia & va 0, va lan can V ctia A sao cho véi moi
(0,\) € W x V, bai todan P(6,\) c¢6 nghiém duy nhat z = x(6,\) € U. Ngoai

ra, (0,\) = & va
|(8, ) — (@', N2 < L6 — 8[| +lollA = N|[/2

v6imoi 6,0 e W; \,\N € V.

3.4. Két luan

Trong chuong nay, ching ta da nghién citu bai toan bién phan cd sé véi nhiéu
d phiém ham dudi dau tich phan va & gia tri bién. Bang cach dua ra bai toan vé
bat ding thiic bién phan phu thudc tham sé trong khong gian Banach phan xa,
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chiing ta da thiét lap dugc két qua vé tinh lien tuc kiéu Lipschitz-Holder theo

nhiéu nghiém ctia bai toan bién phan 16i manh phu thuoc tham s6. Két qua thu

dugc c6 thé sit dung dé khao sat nhitng bai toan thuong gip trong thuc té.
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KET LUAN CHUNG

Trong luan van nay, ching ta da thu dudgec mot sé két qui sau:

1. Nhic lai cac kién thitc vé khong gian thuong dung (khong gian metric,
khong gian dinh chuan, khong gian Hilbert, khong gian topo, khong gian

d6i ngau), 4nh xa da tri va mot s6 tinh chat, nhic lai bai toan t6i uu.

2. Thiét lap mot s6 diéu kién du cho tinh lién tuc va tinh lién tuc Holder
ctia nghiém bat dang thiic bién phan suy rong phu thuoc tham sé trong
khong gian Banach phan xa. Ap dung cac két qua vé do nhay nghiem
bat dang thic bién phan suy rong dé khao sat do nhay nghiém clia céc
bai toan quy hoach 16i phu thudc tham s6 trong khong gian Banach phan

Xa.

3. Nghién cttu do nhay nghiém ciia cac bai toan bién phan phy thuoc tham
s6 va c¢6 duge mot s6 két qua vé tinh lien tuc kiéu Lipschitz - Holder theo
nhiéu 6 phiém ham dué6i dau tich phan va & cac gia tri bién ciia nghiém

cua bai toan dugc xét.
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